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Introduction 

Let U he a, smooth complex algebraic curve and let X a smooth projectivization 
of it. Let / : X — > be a rational function which is regular on U and let (V, ^V) be 
an algebraic bundle with connection on U such that has a regular singularity at 
each point of the divisor D = X \ U . Assuming that the monodromy of (V, ^V) is 
unitary, Deligne defines in |Del07| a filtration on the twisted de Rham cohomology 
i?Qj^(/7, V), where V := + d/Idy, and shows various properties of it, among 
which the degeneration at Ei of the spectral sequence on the hypercohomology of 
the twisted de Rham complex defined by this filtration. This is the first occurrence 
of a filtration having some kind of Hodge properties in the realm of connections 
with irregular singularities, such as + d/Id. 

Taking the opportunity of the recently defined notion of polarized twistor 
^-module, the second author has extended in [SablO] the construction of Deligne, 
and shown the i?i-degeneration property correspondingly, for the case where 
iy, ^V) underlies a variation of polarized complex Hodge structure on the curve U . 

On the other hand, the third author has extended in |Yul2| the construction 
of such a filtration in higher dimensions for (V, ^V) = (1^(7, d) and any regular 
function f : U — A^, by using a projectivization of U with a normal crossing 
divisor D at infinity. He succeeded to prove the degeneration at Ei in various 
special cases. We refer to the introduction of |Yul2| for more detailed motivations 
for considering the irregular Hodge filtration. 

It is then a natural question to ask whether or not the generalized Deligne 
filtration as defined by Yu has the property that the induced spectral sequence on 
the hypercohomology of the twisted de Rham complex degenerates in Ei . 

This question has a positive answer. This is our main theorem fTheorem ll.2.2p . 

Approximately at the same time the preprint [Yul2j was made public, and in- 
dependently of Deligne 's construction, but in the setting of a function f : X ^ P^, 
Kontsevich introduced in letters to Katzarkov and Pantev [Konl2a a family of 
complexes (fi^, wd + ud/ Id), {u,v) S C^, and sketched a proof of the independence 
of the hypercohomology with respect to m, u, giving rise in particular to the Ei- 
degeneration property for each nonzero differential. We give details on the proof 
sketched by Kontsevich in ^1.51 and Appendix |D] However the method suggested 
by Kontsevich requests the pole divisor P = /~^(oo) to be reduced, an annoyance, 
as this property is not stable under blow up along the divisor, while the result is. 
In ^1.31 we give details on the relation between two kinds of filtered complexes, 
namely (f7},d + d/Id) with the stupid filtration, and (fJ^^ (logD)(*P), d + d/Id) 
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equipped with the filtration introduced by the third author in |Yul2| . In partic- 
ular, due to the results in jYul2j . our Theorem 11.2.21 implies the £'i-degeneration 
property for (fJ^ d + d/Id). The i?i-degeneration for other values m, v follows by 
already known arguments (cf. ^1.5p . On the other hand, the degeneration property 
for the Kontsevich complex (fip d + d/Id) would implies the £'i-degeneration of 
our Theorem 11.2.21 for integral values of the filtration introduced in |Yul2 l . 

More recently, M. Saito proposed a new proof of the i^i-degeneration for (17 j, d) 
which relies on older results of Steenbrink [ Ste76l ISte77| . This proof does not need 
the assumption that the pole divisor P is reduced, hence also gives a new proof of our 
Theorem 1 1 . 2 . 21 for integral values of the filtration introduced in |Yul2| . Moreover, 
when P is reduced, he is also able to give an interpretation of the hypercohomology 
of this complex in term of the Beilinson functor applied to the complex Rj^,Cu, 
j : U ^ X. This is explained in Appendix |E] by M. Saito. 

Let us end this introduction by describing the content of this article. Section [T] 
is devoted to the case of {^Uj d) and the compactification by a divisor with normal 
crossings. After recalling the definition of the filtration introduced in |Yul2| . that 
we denote by F^"'*, we state our main theorem 11.2.21 We then define the com- 
plex fl'j: introduced by Kontsevich, state the main result concerning this complex 
fTheorem ll.3.2p . and analyze the relations with F^"'*. Lastly, in S jl.6l - [TT71 we give 
an equivalent definition of F^^^', that we denote F^'^'^*, by using the i^-module 
approach. 

In Section [5] we develop the tools in order to generalize the construction of 
^Dei,. starting from any mixed Hodge module in the sense of M. Saito [SaiOO'. This 
extends in higher dimensions the constructions of jSablOl §6]. The general definition 
of F'-*"''* is given in Section |3] and the various strictness properties are proved 
by using the techniques of polarizable twistor ^-modules |Sab05l IMoc07l ISab06| 
applied to a mixed Hodge module and its Fourier-Laplace transform, so that the 
results of |Sai88l ISai90| are essential for us. The main theorem 11.2.21 is proved in 

E31 

In Appendix |A] we recall the link between Fi-degeneration and strictness of 
the push- for ward of filtered ^-modules, as considered in )Sai88) . while in Ap- 
pendix |B] we compare the strictness property of the nearby cycle functor for fil- 
tered f^-modules (as used for mixed Hodge modules in |Sai88l ISai90| l and for 
i?F ^-modules (as used for twistor ^-modules in [SabOSI, lMoc07| V 

In Appendix [C] we give a detailed proof of Proposition 11.5.31 which was briefiy 
sketched in the letters of Kontsevich |Konl2a| . and in Appendix|D]we give a detailed 
proof of the degeneration property of (|1.3.2 *p by reduction to characteristic p. 

Lastly, in Appendix [E] Morihiko Saito proposes a different approach for the 
complex (ri^,d), leading to another proof of the degeneration of (|1.3.2 *p . and a 
geometric interpretation of the corresponding hypercohomology. 

Acknowledgements. We thank Maxim Kontsevich for showing us his complex fi^ 
and relating it in discussions with Yu's filtration. In addition, the second author 
thanks Morihiko Saito and Takuro Mochizuki for useful discussions. 
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1. The IRREGULAR Hodge filtration in the normal crossing case 

1.1. Setup and notation. Let X be a smooth complex projective variety with 
its Zariski topology and let / : X ^> be a morphism. We will denote by 
(resp. Aj,) an affine chart of with coordinate t (resp. t') so that t' = 1/t in the 
intersection of the two charts. Let [/ be a nonempty Zariski open set of X such 
that 

. / induces a regular function f\u '-U Aj, 
. D :— X -\U IS a, normal crossing divisor. 

Let us denote by P the pole divisor /^^(oo). Then the associated reduced divisor 
Pred has normal crossings and is the union of some of the components of D. The 
union of the remaining components of D is denoted by H ("horizontal" components) . 
We have a commutative diagram 




For each fc ^ 0, we will denote by fi^ the sheaf of differential fc-forms on X, 
by (log D) that of differential /c-forms with logarithmic poles along D and by 
Q.\{*D) that of differential fc-forms with arbitrary poles along D. Given any real 
number a, [aP] will denote the divisor supported on Prcd having multiplicity [aci] 
on the component Pi of Prod, if ei denotes the corresponding multiplicity of P. We 
will then set (log D)([aP]) := ffx{[aP]) ®e,c ^x(}ogD). 

When considering the various de Rham complexes on X, we will use the analytic 
topology and allow local analytic computations as indicated below. However, all 
filtered complexes are already defined in the Zariski topology, and standard GAGA 
results (cf. |Del70l §11.6.6]) allow one to compare both kinds of hypercohomology 
on the projective variety X, so the results we obtain concerning hypercohomology 
also hold in the Zariski topology. We will not be more explicit on this point later. 

Given any point of f~^{oo), there exists an analytic neighbourhood x A"* x A^' 
of this point with coordinates (x, y, z) — (xi, . . . , xi, yi, . . . , ym, zi . . . , Zp) and a 
multi-integer e = (ei, . . . , e^) G (Z>o)^ with the following properties: 

• /(a:, 2/, z) = a;-^ := HLi ' 

• D = [jU{x, = 0} U U7=l{% = 0}, Pred - = 0}. 

In this local analytic setting, we will set g{x,y,z) — l/f{x,y,z) = x"^. The 
divisor H has equation IlJLi Vj ~ 0- Finally, we set n = dimX. 

Set = C{x, y, z} and '3 = ff {dx,dy^ dz) is the ring of linear differential opera- 
tors with coefficients in together with its standard increasing filtration F,3! by 
the total order w.r.t. dx^ dy,dz'- 

(1.1.1) F,&^ ^d:did2, 

\a\ + \P\ + \lKP 

where we use the standard multi-index notation with a G N^, etc. Similarly we will 
denote by ff[t'] the ring of polynomials in t' with coeflicients in 0" and by i^[t']{dt') 
the corresponding ring of differential operators. 
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Consider the left ^-modules 



* 



H) = &{v-\ 



with their standard left ^-module structure. They are generated respectively by 
1/ fl^^^ Xi, 1/ njli Vi ^iid 1/11^=1 rijli yj ^ ^-modules. We will consider on 
these f^-modules the increasing filtration F. defined as the action of F,'2i on the 
generator: 

|a| + l0I^P |a| + l/3Kp 

so that Fp = for p < 0. These are the "filtration by the order of the pole" in |Del70l 
(3.12.1) p. 80], taken in an increasing way. Regarding ff{*H) as a f^-submodule of 
ff{*D), we have Fpiff{*H) = Fp0{*D) n 0{*H) and similarly for 0{*P,cd)- On the 
other hand it clearly follows from the formulas above that 

(1.1.2) Fp0{*D)^ E Fg0{*H)-Fg,ffi^P,,d), 

9+9' 

where the product is taken in 0{*D). 

1.2. The irregular Hodge filtration. Our main object is the twisted meromor- 
phic de Rham complex 

{9:x{*D),V) = {ffx{*D) ^x{*D) ^ n'^{*D)}, V = d + d/. 

This complex is equipped with the irregular Hodge filtration defined in |Yul2| : this 
is the decreasing filtration indexed by M (with possible jumps at rational numbers 
at most) defined by the formula 

(1.2.1) FY"'\l]3f(*L>),V) =F\V) 

:= {^x([-AP])+ ^ n],{logDmi - A)P])+ ^ 



V 



^ ni {log Dmn-X)P])+}, 



where, for fi £ 



r!^(logi^)([AiP]) ifAi^O, 
otherwise. 



We will also consider the associated increasing filtration 

Fj"(l]^(*I?),V) :^FY"-^(l]^(*i^),V), 
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and, for each a G [0,1), the decreasing (resp. mcreasing) Z-filtration F^^'' 
(rasp. defined by 

F^^'P{n'j,i*D),V) FY"-"+P(17^(*i?), V) = F^^^{n'A*D),V) 

(resp. F^!^p{^l'^{*D),\7)). The filtration exlrausts the subcomplex 

(17^(logi?)(*F,ed),V) (!];,(*/?), V). 

The quotient complex is quasi-isomorphic to zero, according to |Yul2[ Cor. 1.4]. 
We refer to |Yul2l Cor. 1.4] for a detailed study of this filtered complex and its 
hypercohomology. Let us only recall that, setting gr^ = F^/F^^, the graded 
i^x -complex gr^Yu(V) is supported on Prod for A ^ Z and is quasi-isomorphic to 
for A ^ (cf. |Yul2l Cor. 1.4]). Our main objective is to prove in general (cf. iJ3.4p 
the conjecture made in |Yul2| . and already proved there in various particular cases. 

Theorem 1.2.2. For each a £ [0,1), the spectral sequence of hypercohomology of 
the filtered complex F^^'P{il'-^{*D),'V) (p £ Zj degenerates at Ei, that is, for each 
A G K and k € N, the morphism 

H'^{X,F''^^\V)) ^ H''{X,{n'A*D),V)) =:i/d\(C/,V) 

is injective. 

The image of this morphism is denoted by F^'^'^'^H^^ {U,'^) and does not depend 
on the choice of the projective morphism f : X ^ ¥^ extending f^jj : U ^ 
satisfying the properties of the setup above (cf. |Yul2l Th. 1.8]). We thus have 

(1.2.3) gr^v„ H^niU, V) = H'' {X, gr^,. (V)) , 

and V) H^^ {U, V) for A 0. 

Let us recall that this filtration was introduced (and the corresponding 
i?i -degeneration was proved) by Deligne |Del07| . in the case where [/ is a 
curve and where the twisted de Rham complex is also twisted by a unitary local 
system. The generalization to the case of a variation of a polarized Hodge structure 
on a curve was considered in jSablOj . 

1.3. The Kontsevich complex. M.Kontsevich has considered in |Konl2a| the 
complexes (ilp ud + vdf) for u,v £ C, where 

np ^{uenp^ (log D)\df AojE (log d) } 

= ker [nP, (log D) 1^^+' (log D) (P)/f]^+i (log D) } . 

Note that we have 

and 

= ker {f]^ (log i?) ^ QP+\\ogD)iP)/nP+\\ogD)}, 

since df}^(logi:») C n'^^logD), hence V(f7P) C l^^+V Moreover, in the local 
analytic setting of iil.ll using that df = f ■ dlog/ and setting x' — (x2, ■ ■ ■ 
one checks that 

(1.3.1) nP^C{x,y,z}- — A/\ ^^,dz +C{x,y,zK.A — ,dz , 

x'^ X y J '~ X y J 

so in particular 17^ is ^x-locally free of finite rank. 
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The following result was conjectured by M. Kontsevich |Konl2a| : 

Theorem 1.3.2. For each k ^ 0, the dimension of H'^ (^X, {n'j:,ud + vdf)) is 
independent of u,v C and is equal to dim_ff^p{(L/, V). In particular, the spectral 
sequence 

(1.3.2*) EP''' ^ H''{X,nP) => HP+%X,{n'f,d)) 

degenerates at Ei . 

The last point conies from the property that H'^(X,D,P) is finite dimensional 
for each pair p,q and from the equality of the dimensions of H^'i^X, (fipd)) and 
of (51^, 0)) asserted in the first part of the statement. We will give two 

proofs of this theorem. The main points consist in comparing the dimensions of 
H^{X,{VL),ud + vdf)) for the pairs {u,v) equal to (0,1), (1,1), (1,0) and (0,0). 
Note that the comparison between (1,0) and (0,0) is (|1.3.2 *p . We picture the 
Leitfaden of the two different proofs in the following diagrams: 

Cor. lTXel 

(0,0) 

Proof through Theorem 11.2.21 

. Kontsevich has sketched in |Konl2al IKonl2b] a proof of this theorem when 
P — Prcd by using the method of Deligne-IUusie |DI87| (cf. Appendix ID] for 
details on the degeneration p. 3. 2 *p . which is the part needing the assump- 
tion P = Prcd, and jl.5l for the remaining part of the statement). 

. In Appendix [E] Morihiko Saito provides a direct proof of the degener- 
ation statement (|1.3.2 *p without the restricting assumption P = Picd 
(but assuming that D has simple normal crossings, i.e., its components 
are smooth). 

. On the other hand, we will prove in CoroUarv 1 1 .4. 31 below that the complex 
i^'f, d -I- d/) equipped with the stupid filtration cr^'(il^, d -|- d/) is filtered 
quasi-isomorphic to the filtered de Rham complex F^^'P{n'^{*D), V). To- 
gether with Proposition 1 1 . 5 . Il this will show that Theorem 11.2.21 for a — 
implies Theorem 1 1 . 3 . 21 without the restricting assumption P — Prcd- 

Therefore on the one hand. Theorem 11.3.21 follows from our proof of Theorem 
11.2.21 on the other hand Kontsevich 's proof of Theorem 11.3.21 gives another proof 
of Theorem 11.2.21 in the case a = and P — Prod with characteristic p methods, 
but does not seem to extend to the case P 7^ Prod (nor to give information on 
the complexes (J7^(a),d) in this case). However, Saito's approach provides another 
proof of Theorem 11.2.21 in the case a = when D has simple normal crossings 
and P is possibly non-reduced. 



, Prop. ii.5.1 , , Prop. 11. 5. 3 , 
(0,1) ^(1, 1) ^(1,0) 

^/or App.lEl 

(0,0) 

Proof by the method of Kontsevich 
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1.4. Comparison of the filtered twisted meromorphic de Rham com- 
plex and the filtered Kontsevich complex. For G M, we also have 
dn'j. (log D){[fiP]) C n';+\log D){[fiP]) and, settmg -^{[^iP]) = i^xiifJ-P]) ioi 
any coherent sheaf 

n'}{[^,p])^keT {n%i\ogD)i[^,p]) 

^ 17^+i(logD)([(A. + l)P])/n'/\\ogD){[^,P])) 
(1.4.1) ^ 
-ker (n'k{logD){[f,P]) 

^ n'^+\\ogDm^, + i)p])/n''+\\ogD){[f,p]) 

Since V(r2j([/iP])) C r2j^^([/iP]), we can also consider the complex 

V) := {n"f{[f,p]) ^ ^ • ■ • ) 

together with its stupid filtration 

For /i ^ /i' we thus have natural morphisms of filtered complexes (r2^(/i), V, (jP) 
{il'f{n'),\7,aP). For any A e M, define 

(P°(A), V) = (€?x([-AP]) ^ 17^(logi?)([(l - A)P]) ^ . . . 

n^iog Dmk~X)P])^- 
Then for any A ^ A' the natural inclusion 

(F°(A'),V) ^(F"(A),V) 
is a quasi-isomorphism ([Yul2, Prop. 1.3]). 

Proposition 1.4.2. Fix /i G M. Consider the filtration on /i) defined by 

^ {np^{logD)i[^,p]) A 17^+1 (log D)([(i + A.)P]) ^ . ■■)[-p] tfp^o. 

Then the natural inclusion 

{n}{p), V, aP) — > (P°(-/^), V, ) (p e Z) 

is a quasi-isomorphism of filtered complexes on X. The same holds true if one 
replaces the connection V by the left multiplication with df in both complexes. 

Proof. Since both filtrations satisfy ctP, = for p > dimX and are constant for 
^3 ^ 0, it is enough to prove the isomorphism at the graded level, that is, to prove 
that the vertical morphism of complexes below is a quasi-isomorphism: 

> ^''fiit^P]) > > • ■ • 



r 



■p — 



f7^(iogi?)([^p]) ^ f^^+i(iogi?)([(/i + l)p])/np+\logD){[^,p]) 
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According to (|1.4.ip . this amounts to showing that the second row has zero coho- 
mology in degrees ^ p + 1. This follows from |Yul2l Prop. 1.3], which implies that 

the complex 

>17^(logZ?)([MP])/f^^(logi?)([(A.-l)P]) 

^ n^+'ilogDMf, + l)P])/j7^+i(logZ?)([/.P]) ^ • • • 

is quasi-isomorphic to zero. 

Since V = d/ on the graded objects grg and gr^, the second assertion can be 
proved by the same argument. □ 

Corollary 1.4.3. For any a G [0, 1), the natural inclusions 

{n}{a),V,aP) {F"{V),FP) ^F^^''^{n'{*D),V) {p e Z) 

are quasi- isomorphisms of filtered complexes on X. Here (cf. p.2.ip ) 

>"(V) tfp^O, 



F^{F"{V)) ^ 



Proof. That the second arrow is a quasi-isomorphism is the statement of |Yul2i 
Cor. 1.4]. The first one follows from Proposition II .4.21 Indeed in this case we have 

^^^(F"{-a)^F"{\7) ifp^O ^ 
[FP ifp^l. 

Corollary 1.4.4. For a e [0, 1), the hypercohomology H^(^X, ($7^(0;), V)) does not 
depend on the choice of the smooth compactification X of U such that X \ U has 
normal crossings. 

Proof Forgetting the filtration in Corollary [TXl we have (fl^(a), V)) ~ 

H*" {X, pYu,-a(y-)^ g^^^ ^Yie assertion follows from f YlT2l Th. 1.8]. □ 

Remark 1.4.5. The statement of Corollarv ll.4.4l is also a consequence of Proposition 
13.2.31 below, through the various identifications that we make in S ^l.SHTTTl 

Corollary 1.4.6. The two inclusions 

— > (r!}(*p„d),v) and {n},df) ^ {n}{*p,,d),df) 

are quasi- isomorphisms of complexes on X. 

Proof. Forgetting the filtrations in Proposition 1 1 . 4 . 2l one obtains the vertical quasi- 
isomorphisms in the commutative diagram 

(17}, ★) > (17}(mP),*) 



Here the arrows are natural inclusions, * = V or d/, and m is any non-negative 



integer. Since i7^(*Prcd) = Um^f(™^)' ^^^^ assertion follows. □ 
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1.5. Theorem 11.2.21 for a = is equivalent to Theorem 11.3.21 

Proposition 1.5.1 (Kontsevich [ Konl2a| ). For all k, we have 

dimH''{X, {n},df)) ^dimH''{X, ^ dimH^^{U,V). 

Proof. We will work here with the Zariski topology. According to Corollarv ll.4.6l 
we can replace fi^ with n'j:{*P^ed)- If we set Y — /^^(A^), then f^y Y 
is projective and rij(*Pi.od) ~ j*riy(logD|y), where j : Y ^ X is the inclusion. 
The assertion then follows from |Sab99l Cor. 0.6] (cf. also |OV07I Cor. 4.27]), which 
states that 

dim (y, {n-y {log D\y), V)) = dim H'' {Y, (f^^(log i?|y ), d/|y)) 
and both are equal to dimi7|j^({7, V) (cf. |Sab99l §3.2]). □ 

Remark 1.5.2. Let us recall (cf. |Sab99l Rem. 04]) that dim _ff^j^(C/, V) is equal to 
the dimension of the {k — l)st hypercohomology of the vanishing cycles of /|y : 
Y ^ ^ with coefficients in the complex Rl^,Cu; where l : U ^ Y denotes the 
inclusion. 

Proposition 1.5.3 (Kontsevich |Konl2a| ). For all k, we have 
dimH''{X, {n},d)) =dimi7|R(C/,V). 

Remark 1.5.4. In Theorem IE. 31 of Appendix [E] M. Saito gives, when P = Pred, 
an identification of the complex ^ , d) with the Beilinson complex attached 
to Rj,:<Cu, and therefore with the nearby cycle complex ijjgRj^Cu (recall that 
9 1//) of / along f^^{oo). 

The proof of Proposition 11.5.31 is postponed to Appendix [C] These two proposi- 
tions already give part of Theorem 11.3.21 

Corollary 1.5.5. For each k ^ 0, the dimension o/ fl''^(X, (Hp ud + wd/)) is 
independent of {u, w) G \ {0} and is equal to dim H^^(U, V). 

Proof. For u ^ 0, we have 

dim H'' {X, {n},ud + vdf)) = dim (X, (f^}/„, d + vd^) 

= dimH\X, {n}/^, d)) (Prop.IIXHlfor f/u) 
^dimH''{X,{n},d)). 

On the other hand if u = 0, dimH'^ {X, ($7^ vdf)) does not depend on w 7^ 0, and 
is equal to dim Hl^^{U, V) according to Proposition 1 1 . 5 . Il □ 

Proof that Theorem \\.2.2\ for a = is equivalent to Theorem \l.3.2\ Let us first 
emphasize a consequence of Theorem 11.2.21 From the properties of the filtration 
F^" (cf. EH} we obtain: 

Corollary 1.5.6 (of Theorem 1 1.2. 2)) . For a G [0, 1) fixed, and for p,q ^ 0, we have 
e gr^v. H^A\U, V) ^ gr^^,„ H^,+\U, V) ^ i/''(X, n^/a)) 

and therefore a decomposition iJjpj(C/, V) ~ ©p+g=fc H'^{X, n^j{a)). 
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Proof. The right-hand term is the iJi-term in the spectral sequence attached to 
(jl'j:{a), V, o-P), hence that of the spectral sequence attached to F^^'P{^1' {*D), V), 
according to Corollarv ll.4.31 which is equal to the middle term, according to The- 
orem 021 □ 

Remark 1.5.7. It is a natural question to ask for a geometric interpretation of 
H'^{X,^Vj:{a)). When a = and P = P^cd, such an interpretation is furnished by 
Theorem IE. 3 1 in Appendix lEl On the other hand, when D = Picd, it is natural 
to expect that the complex (ri/,d -I- d/) is quasi-isomorphic to the complex on 
X \ Pred with the same differential and relative to a complete metric on X \ D 
which is equivalent to the Poincare metric near each point of D. The corresponding 
Hodge decomposition should be proved in a way similar to that of |Fanl 1| (we owe 
this interpretation to T. Mochizuki). 

If we assume Theorem 11.2.21 for a = 0, we can apply Corollary 11.5.61 with 
a = 0, which gives the missing equality dimH''{X, (^l},d)) = dimff'=(X, (r^},0)) 
in CoroUarv 11.5.51 when we set u = l,v = 0. 

Conversely, according to Corollary 11.5.51 having the degeneration of ()1.3.2 *^ 
gives then dimH''{X, (^J}, V)) = dimH''{X, (f^},0)), which is equivalent to The- 
orem [T2I21 for a — 0, according to Corollarv ll.4.31 □ 

Remark 1.5.8. In order to get Theorem 11.3.21 from Theorem 11.2.21 for a = 0, one 
can avoid the use of Proposition 1 1 . 5 .51 bv replacing it with the following argument. 
The equality dimH''{X, (fi},0)) = dim if''' (X, (fi}, V)) , that is (by Proposition 

(1.5.9) dimiP?(X,f]^.) =dimff^R((7,V), 

p+q=k 

is provided by Corollary 11.5.61 for a = as a consequence of Theorem 11.2.21 

It remains to prove the equality dim if'' (X, (17^, d)) = dim (17^,0)), 
equivalently dimff'=(X, (rj},d)) = dimij|j^([/, V). We will use a standard semi- 
continuity argument. 

On the one hand, H''(^X, (f2^,d)) being the abutment of the spectral sequence 
attached to the filtered complex aP{ftj, d), we have 

(1.5.10) dim H'' {X, {n}, d)) dim H^^{U,V) \fk, 

according to (|1.5.9p . Let us show the equality by considering the complex 
(Oj[r],dj5c -|- rd/), where r is a new variable and dx differentiates with re- 
spect to X only. Since each is €?x-coherent (even locally free), each 
H'J{X,nP[T]) = C[t] H1{X,^) is a free C[r]-module of finite type, and 
thus each ff^ := H^{X, (l]}[r],dx + rd/)) is a C[T]-module of finite type, by a 
spectral sequence argument with respect to the stupid filtration . We claim first: 

. dimc(.) C(r) ®c[r] H^r = dim H^j^iU, V). 
Indeed, since r2j[r] is C[T]-free and since Jf^ has finite type over C[t], we have 
C[T]/{r ~v)(Sc[r]H'; = H''{X,{n'j:,d + vdf )) for v general enough. We know 
that the dimension of the latter space is independent of w ^ and equal to 
dim H^j^{U,\7), hence the assertion. 
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Let US now consider the long exact sequence 

> H^, ^ H^, ^ H''{X,{n},d)) 

We will prove for all k: 

(1) fc "r at the level ^ A: is injective", 

(2) , H\x,{n},d))^H';/TH^,, 

{3)k dimij'=(X,(r!},d)) =dimi7|j,(C/,V), 

by showing {l)k+i ^ (2)fc =^ {3)k ^ (l)/c- Note that (3)fc is the desired equality. 

The assertion (l)fc+i implies that ifj: H^{X, (fi^,d)) is onto, and thus (2)^ 
holds, so 

dmiH\X, (f]},d)) ^ dimc(,) C(r) ®c[r] = dim ^^^(C/, V), 

where the latter equality holds by the claim above. Hence (|1.5.10p implies (3)^ and 
thus, localizing at r = 0, C[r](o) ®c[t] H'^ is C[r](o)-free, so (1)^ holds. 

Since (1)^: holds for k large, it holds for all k, as well as (3)fc. □ 

1.6. Deligne's filtration: the f^-module approach. In this subsection, the 
results will be of a local nature, and we will make use of the local setting of 31.11 

First construction. Let us denote by E^^^ the i^-module &{*Prcd) with the twisted 
^-module structure, so that the corresponding flat connection isV = d + d(l/g). 
We will denote by e^/^ the generator 1, in order to make clear the twist of the con- 
nection on the i^-module i^(*Pi-cd)- The behaviour of the connection with respect 
to the filtration F,ff{*P^cd) (defined in iJl.ip is as follows: 

v(Fp^(*p,ed)) c nlyj\ogP,,d)®{Fpi^i*p,,d))iP) c nly^,®{Fp+i&{^p,,d)){p). 

For each a £ [0, 1) and all p G N, we consider the increasing filtration by coherent 
^-submodules indexed by N defined as 

(1.6.1) F^+p{E^'a) := Fp0{*P,,a){[{a + p)P]) ® e^'\ 

where [{a-\-p)P] is the integral part of (a+p)P, that is, locally defined by xt'^'^^+^^l = 
2;[ea]gP^ and we set Fa+p{E^/^) = for p e Z<o. We therefore get a filtration 
F^{E'^/s) indexed by M, with F^{E^/3) = for /i < and jumps for /i € Q^o at 
most. 

We will mainly work with E^/3{*H), which is equal to ff{*D) as an (^?-module. 
Its filtration is defined, in a way analogous to (|1.1.2p . by 

(1.6.2) F^+p{E'^^*H)) := ^ F,ff{*H) ■ F^+,,{E'/s), 

where the product is taken in ff{*D). 

In both cases, these filtrations satisfy the Griffiths transversality property with 
respect to the connection V on E^^^ or on E^/'^{*H), that is, they are P-filtrations 
with respect to the standard order filtration on 2). 
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Second construction, step one: adjunction of a variable. Denote by M' the 
^-module-theoretic push-forward of {^{*H),d) by the graph inclusion of g. If t' 
denotes the new coordinate produced by this inclusion, M' is a left !3[t']{dt')- 
module. Let us make it explicit. We consider a new variable r', and we have by 
definition 

M' = C{x, y, z}[y^^, r'] as a left C{x, y, 0}-module. 

It will be convenient to denote by S the element 1/ H^i Vj of '^^^ remaining 
part of the left action of ^[t']{dt') is defined as follows on S (and extended to M' 
by using Leibniz rule): 

t'S = g5 = 
dg_ 
dxi 
1 . 



(L6.3) 



dy,S 

d,J = 0. 



We note that (^(*if),d), as a left ^-module, is recovered as the cokernel of the 
injective morphism of left ^-modules df : M' — )■ M' with the induced ^-module 
structure. 

We denote by i?^/*' the left ^[t'] (9t')-module C{x, y, z, t'}[t'^^]c^/'' whose gener- 
ator e^/*' satisfies dfe^l^' = -{l/t'^)e^/*' . The twisted ^[f](at')-module M'<»E^/''' 
is the left ^[i'](9t/)-module 

M'®E^/*' = C{a;,y,2}[a;"\t/"\r'](^ (8)e^/*') as a left C{x, y, z}-module. 

We have used here that, with respect to the C[i']-action on M' defined above, we 
have C[t',t'~'^] ®<c[t'] M' = M'[l/g] = C{x,y,z}[x~'^,y~'^,T']. The remaining part 
of the left action of ^^[t']{dt') is defined as follows on the generator 6 (g) e"^/* (and 
extended to M' ® E^/*' by using Leibniz rule): 



(L6.4) 



dxi 
1 



-((5®ei/*'), 
Vj 



t'((5®ei/*') 
9x,(^®eV*') 

d,,{S^,c^/'') = 0. 
Due to the previous formulas, the decomposition 

M'(8) = ^(*£))r"=((5( 

can be transformed to a decomposition 

k>0 



(r' - g-^)iS ^ e^/*') = (r' - x-^''){S ® e^/*'), 
g(5®ei/*') = a;^(5®ei/*'), 

e^/*') = -CiX^-^'r'iSi 
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which shows that M' ®E^/^ is a free i^(*_D)[9t']-module of rank one with generator 

Let L denote the inclusion associated to the graph of g. The (9t/)-module 
L+E^ls{*H) := 0fe£^^/3(*-ff) d^,5 is a also free ^(*i:>)[at']-module of rank one 
with generator (1 ®e^/^ ® 5). 

The unique [(?t']-linear isomorphism Lj^E^/^ [*H) M' (g) i?^/* sending 

(1 ® e^/s (g) (5) to 6(8)e^/*' is in fact f^[i'](9t')-linear. Let us check for instance that 
it is c?^;; -linear: 

9:,. (1 e^/s (g,5\^ _ dg/dx, ^ ^^/g ^ ^ _ (dg/dxA ® e^'^ ® dfS 
9 

r 

according to (|1.6.4p . 

It is then clear that, on the other hand, one recovers E'^/^{*H) from M' 
as its push- forward by the projection tt along the t' variable. So we find 

(1.6.5) M' (g) E^l^' ~ L+E^/3{*H), 

(1.6.6) E^'3{*H) = TT+{M' ® E^l^') = coker : M' ® E^/^' — > M' (g> S^/*'] . 

Second construction, step two: the Deligne filtration. For the sake of simplicity, 
the filtrations will be taken increasing. One can consider them as decreasing by 
changing the sign of the indices. 

Let F.M' be the filtration F.&[t']{dt') ■ S on M'. It is the filtration by 
deg^/ -l-ord//, where oidn is the order of the pole along H such that ord/f (5 = 0. 
Let V.M' be the Kashiwara-Malgrange T/-filtration with respect to the function t' 
(see e.g., |Sai88l §3.1] or 82.21 belowl. We will only consider the steps VaM' for 
a € [0, 1) (the jumps possibly occur at most at a S [0, 1) fl Q). The normalization 
condition is that t'dt' -I- a is nilpotent, when induced on gr^ M' . 

The natural generalization of the fF-module-theoretic Deligne filtration defined 
in |SablOI §6.b] is (in the increasing setting), for each a G [0, 1), and any p ^"L: 

(1.6.7) i^D^;,(M' =^a,'';i'-i((Fp_feAf'ny„Af')0 el/*'). 

fe=0 

We have i^°+p(M' ® E'^/*') = if a + p < 0. Note also that 

F°^'(M' ® E^/*') ^ t'-\FoM' n VaiM') ® e^/*'). 

For each a G [0, 1), it is easily checked that the filtration F°^^(M' E^/*') {p G Z) 
is a F-filtration for &[t']{dt'); i.e., satisfies 

F,&[t']{dr) ■ F^^\{M' ® E'/'') C F^f^^^{M' ® E^/''), 

where Fq2!\t'\{dt') consists of operators of total order ^ q {w.i.t.dx,dy,dz,dt'). 
The jumps possibly occur at most at a + p G Q^o we have 

(1.6.8) FD^^(M' ® E^/'') - dt'F^^'p_^{M' (g> £1/*') + t'-\FpM' n 14M') ® e^/*'. 
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Indeed by definition, 

dt'F^^l_^iAf ® E'/'') = n V^M') el/*') 

Proposition 1.6.9. The filtration F^°^{AI' ® E^^* ) is exhaustive and the injec- 
tive ^-linear morphism df : M' ® E^^^ M' (g) E^^*- strictly shifts the Deligne 
filtration (|1.6.7p by one, that is, 

Va e [0, 1), yp e Z, F^^'p^.iM' <E>E^^'')ndt'{M' ®E'/'') = dv F^l\{M' ® E^ ' ) . 

Proof. For the first point, let us denote by V,M'[t'^^] the Kashiwara-Malgrange 
filtration of 7\f'[<'^i] (without twist) with respect to the function t' . For /i < 1 we 
have V^M'[t'^'^] = V^,M' , while for ^ > 1 we have V^M'[i'-i] = i'^I^l V^_[^] Af. For 
each /X, —t'^^ sends Vfj,M'[t'~^] to Vfj.+2 M'[t'~^] and the graded morphism is also 
that induced by — hence is an isomorphism. It follows that any m S M'[t'^^] 
can be written as a finite sum J^ki^t' ~ t'^'^)*'t'~^mk with m/j € Vq^M', and 
Q!fc S [0, 1). Set a = maxfe ak and replace each ak with a. Since the filtration F,M' 
is exhaustive, there exists p such that rrik E Fp^kM' D VaM' for each k. Therefore, 
m (g) e^/*' belongs to F°_^^(M' (g) S^/*'). 

For the strictness assertion, according to (|1.6.8p and forgetting the i?^/* factor, 
it is enough to prove that, for all a G [0, 1) and all p G Z, 

t'-^Fp+iM' n v^M') n [dr ~ t'-^){M'[t'-']) c (dr - t'-^)t'-\FpM' n k,m'), 

or, by using the standard commutation rule, that 

{Fp+iM' c^v^^^)c^{^v -t'-^ -t'-^){M'[t'-^]) c {dv ~t'-^ -t'-^){FpM' c^Vo,M'). 

We will check separately that 

. m' G VaM' and to' = - t'^^ - t'-'^)m implies m G Va-2{M') C T^M', 
. m' G Fp+iM' and to' = {dr - t'^^ - t'"^)TO implies m G FpM' . 
On the one hand, the operator dt' —t'^^ —t'^^ induces for each fi an isomorphism 
grJf_2(M'[t''i]) ^ grjf (Af'[i'-i]), so the first assertion is clear. 

On the other hand, using the identification M'[t'~^] = C{x, y, z}[x^^, y^^, t']^/]! 
as a left C{x, y, z}-module, with the F-filtration induced by "degree in r' + pole 
order in y", the operator dt' — t'^^ — t'~^ sends a term ^^ix, y, z)t'^ {k ^ 0) to 

for some coefficients cj^ G N (due to the commutation rule between t'^^ and dt')- 
If TO = Y^l^Q LpkT'^ is such that to' = {df - t'~^ - t'-^)m = YX^q VfeT"" has order 
p+1, then ^p'q^i = ipq has a pole order relative to y which is ^ (p+1) — (g+l) = p—q, 
so (fiqT''^ G FpM' . By decreasing induction on q, one concludes that to G FpM' . □ 

Definition 1.6.10 {oi F^''\E^la{i,H))). The Deligne filtration F^''\E^^^*H)) 
(indexed by M) on E^/a{*H) is the image filtration of F^''\M' ® E'^/^' ) by (HXH). 

Here are some properties of F^^'^[E^/^[*H)): 
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. We have F^°'(£'^/s(*iJ)) = for /i < and the jumps possibly occur at 
most ai fi £ Q^o- 

. For a fixed a G [0, 1) and peN, F^fp{E^/9 {*H)) is a i^. ^-filtration, i.e., 

F,!^ ■ fX{E'^'{*H)) C F^f^^^{E^/%*H)). 

. = image{t'~^{FpM' nVaM') (E) e^/*') by ^EB- Indeed, 

this directly follows from p.6.8p . 

On the other hand, the push-forward l^E^^^ {*H) comes naturally equipped with 
a push-forward filtration 

(1.6.11) F^+p{i+E'/s{*H)) e F^+p^k{E^/s{*H)) «. d^,S. 

with F.{E^/3{*H)) defined by pTO]) . This defines a filtration F.{M' (g) E^/*') 
according to (|1.6.5p . 

Comparison of both filtrations on M' ® i?^/* and E^^3{*H). 
Proposition 1.6.12. For each a £ [0, 1) and each p £ Z, we have 

F^+p (M' ® £;!/*') - F^fp {M' ® ^1/*' ) c/. (fTXTTl) and (fTXTll , 
F„+p(i?i/3(*i/)) = i^°_^;,(i?i/9(*i7)) cf. dEMl) and Jef. fmUl 

Proof. We will prove the first equality, since the second one obviously follows. We 
need here an explicit expression of FpM' n VqM'. We will recall the computation 
akeady made in [Sab 87] for the pure case {H — 0) and recalled and generalized to 
the mixed case in [Sab97', Prop. 4.19], where the notation 5' is used for the present 
notation 5. It would also be possible to use jSai90| Prop. 3.5], but the computation 
is written there for right f^-modules, so one should first express this computation 
for left modules. Note also that it is enough to consider p € N, since both filtrations 
are identically zero if p ^ — 1 . 
We will use the notation 

b= (6i,...,6,) eZ^ = ^max{0,5,}, 

i 

c = (ci, . . .,c,n) G Z"", |c|+ ^max{0,Cj}. 

i 

Then, by (fTX^ . we have 

(1.6.13) F^+p{E^'a{*H))= ?/-'=-ix-''-^a;-l'="l<?-P+l'=l+ • ^. 

''l + + |c|+^P 

On the other hand, for a — (ai, . . . , ae) G Z^, let us set 

i ai 

Pa.a{s) Ca.a Yl U (s + k/e^), with C^^a G C SUCh that PQ_a(-Q;) = 1, 

i=l k=[eia] + l 

taking into account the convention that a product indexed by the empty set is equal 
to 1. Let us also set (recall that \I3~\ := — [— /3]) 

Ia{a) ^{i\ai^ \eia]} C {1, ...,r}, J{c) = [j \ c, ^ 0}. 
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Then, by embedding M' in M'[x~^], an element of VaM' can be written in a unique 
way as the result of the action of some polynomials in t'dt' on some elements of 
as follows: 

X! X! X!^^'^*' + (^YPa.a.~\{t'dt')ha.,c^i{xi^(a.)-,yj(c)-,z)y^''x^°-t'5, 

with xi^(a,) = (a;i)ie/c(a), 2/j(c) = {y])j<^J(c), ha,c,i € such that, if ha,c,i ^ 0, 
then /ia,c,£(0, 0, z) does not vanish. The filtration F,M' n VaM' is the filtration by 
the degree in t'df plus the pole order in y. In other words, an element of VaM' 
written as above belongs to FpM' n VaM' if and only if 

ha,cj ^ =^ ^ + |c|+ + dog Pa,a-1 < P, 

that is, if we set bi = ai — 1 — [eio], 

e+\c\+ + \b\+^p. 

Note also that the condition ^ \eia\ implies ai ^ [e^a] ^ 0. By using the 
standard commutation relations, an element of t'~^{FpM' n VaM') can thus be 
written in a unique way as 

(1.6.14) E J2^9t't' + a)'Pa,a-i(at't')/ia,c,£(x/„(a), yj(c), z)2;-"a;-"5, 

with the same conditions on a, c and ha,ci- 

We will use the following identity in S>x[i' ^t'^^{dt')'- 

(1.6.15) {dtd'f = 4'=^(i')i'"'' + ■ • • + (9t' - t'-2)^t'^"^af ^(i') 

+ ... + {dt.-t'~^fa'^\t'), 

for some polynomials a^p [t') G C[i'], with aQ'°''(0) 1. This identity can be checked 
easily. Then a similar identity, with coefficients still denoted by a'j'\t'), holds for 
any polynomial of degree k in dft' , and moreover a^^^O) ^ 0. 

Let us first prove the inclusion t'-^(FpM' n V^M') ® e^/*' C Fa+p{M' ® E^^^'). 
According to p.6.15p we have 

[{dt't')''y-''x-°'5] ® e^/*' =J2af\9)9'~'"y~''x-"'(S)e^^0(E)d^t,S. 

j 

If such a term occurs in p.6.14p . we have fc+|c|-|_ ^ p, hence j — k ^ ^{p ~ j) + + 
and, recalling that S — y~^, we conclude that the j-th coefficient belongs to 
Fa+p-jE^^^i'^H), after (|1.6.13p . hence the desired inclusion, according to p. 6. lip . 
Conversely, let us prove that 

Fa+pE^la{*H) t'-\FpM' n VaM') (g) e^/*' + dt'Fa+p-i{M' ® E^^''). 

Set b = a—l — [ea] as above. Then Fa+pE^^ ^ {*H)®6 is generated by elements of the 
formm = y-''x-°-g-P+\''\+e^/9 ®5 With \b\+ + \c\+ ^ p. Setting £ = (|b|+ + |c| + ). 
Formula (|1.6.15p applied to the polynomial [dft' ^aYPa.a.-\{dt't') of degree p—|c| + 
gives 

TO^e^/*' = c[{dtd' + aYPa.,a-x{dt't')y-''x-''5\ ®ei/*' Tnoddt'Fa+p-i{M' ®E^'''), 
for some nonzero constant c. □ 
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1.7. Comparison of Yu's filtration and Deligne's filtration on the twisted 
de Rham complex. We will introduce three definitions (jl.7.1|) , (|1.7.2p and (|1.7.3p 

of a filtered twisted meroniorphic de Rliani complex. Corollary 1 1 . 7 . 61 will show that 
they give filtered quasi-isoniorphic complexes, by using Propositions 1 1 . 7 and [TTB^ 

The filtered twisted logarithmic de Rham complex |Yul2| . Let y ^(logl?), d) be 
the logarithmic de Rham complex (logarithmic with respect to D), so that in par- 
ticular j^^^(logD) — 6. We set, for any a G [0, 1) and p 

(1.7.1) FXmE'/'{*H)) 

:= {0 ^ nly^^ilog Dma+p)P])+ ^ f]i,,,,(logD)([(«+p+l)P])+ ^ • • ■ } 
(this is the increasing version of (11.2.^ .) 

The filtered twisted meromorphic de Rham complex. Let us consider the usual 
twisted de Rham complex 

{0 ^ E^'9{^H) ^ ^l y ^ ® E^'9{^H) ^ ^ ^"^ y^^ ® E^'9{^H) ^ 0}. 

The filtration naturally induced by FJ^''\E^/9{*H)) (as defined by prO)) or equiv- 
alently by Definition 11.6.101 according to Proposition 11.6. 12p is by definition 

(1.7.2) FD°'(DR(.Bi/9(*i/))) 

{0 ^ F^^'E^/3{*H) illy,, ® F^^\E'la{*H) ^ • ■ • 

The filtered twisted meromorphic de Rham complex with a variable added. We define 
the filtration DR(M'®£;i/*') on the twisted de Rham complex DR(M'(g)£;i/*') 
by a formula analogous to (|1.7.2p . by using basically Fj^^^M' ® E^/^') as defined 
by dlXTl: 

(1.7.3) F°'='(DR(M'(8) £;!/*')) 

{0 ^ FJ^'^HM' (g> E'l'') ^ nly^,^,, ® F^^\{M' ® E^'^' ) ^ • ■ • }. 

Comparison of the filtered complexes. Notice first that, for all three complexes, we 
have F^ DR = for /x < —n (= dimension of the underlying space), so that in the 
decreasing setting, F^ DR = for \> n. 

Proposition 1.7.4. For each a G [0, 1) and each po G the natural inclusion of 
complexes F^^^^ T)R{E^/a{*H)) ^ F^^\^^ BR{E^/9 (^*H)) is a quasi-isomorphism. 

Sketch of proof. The question is local, and we can use the local setting of jl.ll 
According to Proposition 11.6.121 we can use the expression p.6.2p to compute 
F^f, DR(£;i/9(*i7)), that we will then simply denote by Fa+. T)R{E^/3 {*H)). By 
expressing both filtered complexes as the external tensor product of complexes 
with respect to the variables x on the one hand and y, z on the other hand, we are 
reduced to consider both cases separately. Moreover, the y, z-case is that considered 
by Deligne |Del70l Prop. II. 3. 13], so we will focus on the x-case, assuming that there 
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is no y, z variables. We are therefore led to proving that the following niorphisni of 
complexes is a quasi-isomorphism: 

r!S(log Pred)([(a +Po)P])+ ^ y ■ ■■nU\ogP,Ma+po + k)P])+ ■ ■ ■ 

^x{*Picd))^xi[i^ +Po + k)P]) ■ ■ ■ 

By multiplying the fcth degree term of each complex by a;[("+Po+'=)e]. the dif- 
ferential V from the A:th to the (fc + l)st degree is replaced by 5k{Po) — 
x^d + dloga;"*^ + x'^dloga:'*-"^^""'"'^-''^!, and we are reduced to showing the quasi- 
isomorphism when p — po'. 

cr- P [py^ (log Pred) > ---^^ (log Prcd) > ' ' ' j 

I 

rpUx{*f^cd) > ■ ■ •-f'p+/£^'x(,*Prcdj > ■ ■ ■ 

where we now use the standard (increasing) pole order filtration on r2*(*Pi.ed)) 
and CT^* denotes the stupid filtration. We will show the quasi-isomorphism for 
all p, and for that purpose it will be enough to show that the graded complexes 
are quasi-isomorphic. For the upper complex, the graded differential is zero, while 
for the lower complex, it is equal to dloga;^"^. We can then argue as in the proof 
of |Del70[ Prop. II. 3. 13] (second reduction) to reduce to the case £ — 1, where the 
graded quasi-isomorphism is easy to check. □ 

Remark 1.7.5. Moreover (cf. |Yul2l Cor. 1.4]), one can consider the sub-complex 
Pq^" DR(i?^/^(*i?)) with the induced filtration. Then the natural inclusion 

is a quasi-isomorphism for each /i G Q. This reduces to considering P^" DR(P^/3(*iJ)) 
with /i < 0, that is, P^(V) with A ^ 0. 

The identification of the Koszul complex K'{E^/s{*H),dx, dy,dz) as the cokernel 
of the termwise injective morphism 

dv : K-{M' ^ E'/'' ,dx,dy,d,) ^ K'{M' ^ E'/'' ,dx,dy,d,) 

gives a quasi-isomorphism 

DR(AP ® pi/*' ) ~ • (M' (g}E^^'' ,dx,dy,dz, df ) 

K'{E'/^*H),dx.dy,d,)[-l] ^BR{E'/^*H))[~1]. 

Given a filtered complex F.C, we denote by {F,C')[k] the filtered complex 
F.^kC'+''. From Propositions [L7^ and [TXl we get: 

Corollary 1.7.6. We have 

Pj"DR(pi/f(*P)) ~ P°'='DR(pi/f(*P)) ~ (Pf'=iDR(M' ® pi/*'))[l]. □ 
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2. Preliminaries to a generalization of Deligne's filtration 

2.1. Filtered ^-modules and modules. In the following, X will be a com- 
plex manifold and we will consider holonomic ^-modules M on X x . For example, 
given a holomorphic function / : X — > and a holonomic f^x-niodule Ji, we will 
consider the push-forward JA — i /,+3\f of 3\f by the graph inclusion if : X X xV"^ . 
As in iJl.ll we will consider as covered by two charts Aj and A^, in such a way 
that oo = = 0}. 

Filtered !3-modules. Let F,&xy.p^ denote the filtration of ^xxpi by the order of 
differential operators and let (M, F,JA) be a filtered holonomic pi -module, that 
is, a holonomic pi -module M equipped with a good filtration. Let z denote a 
new variable and let Rf&xkv^ ■= ®p£fq Fp^xxP'^^^ denote the Rees ring of the 
filtered ring (^j^xpij-P^.^xxpi)- This is a sheaf of algebras generated by ^xxe^l^] 
and zQxxP^- Iii coordinate chart, the coordinate vector fields zdx will be 
denoted by d^- 

Given a xpi-module M equipped with a F.^xx pi -filtration F.M, the Rees 
module RpJvl :— 0^ FpM ■ is a i?i?^xx pi -module. The filtration F.M is good if 
and only if RpM. is i?Fi^xx pi -coherent. Conversely, given a coherent RpSixxv^- 
module, it is of the form RpJA for some coherent ^xxpi-module equipped with 
a good filtration (M, i^.M) if and only if it is a graded i?F^^xx pi -module and 
it has no C[z]-torsion (the latter property is called strictness). If we regard a 
xpi-module as a ^^xpi-module equipped with an integrable connection V, we 
can regard a i?i?^xx pi -module as a ^^xpi [-^^l-module equipped with an integrable 
z-connection zV. 

Exponential twist. We denote by F : X x P^ P^ the projection and we will 
simply denote by oo the divisor X x {cxd} in X x P^. Let us consider the localiza- 
tion M = i^xxpi(*oo) ^ of M, which is a holonomic ^^xpi-module by a 
theorem of Kashiwara. We also regard it as a ^^xpi (*oo)-module with integrable 
connection V. We denote by M (g) £^ the xpi (*oo)-module M equipped with 
the integrable connection V-|-dF (cf. ^1.6l for the similar notation E^^^). It is also 
a holonomic ^^xpi-module. 

Let us now consider these constructions for a filtered i^xxpi-module (M, F.M). 
We set FpM = ^xxpi(*co) '^e^^^i FpM (this is not ^xxpi-coherent). We then 
have 

RpM = ,^xxpi(*oo)[z] RpM =: (i?FM)(*oo). 

We consider the i^^xxpi [^]-module €?xxpi (*oo)[z] equipped with the integrable 
z-connection zd -I- zdF, that we still denote by E,^ (although it is equal to £^[z]). 
We then define RpTA (E) as RpM. equipped with the integrable z-connection 
zV + zdF. 

2.2. Strict specializability along a hypersurface. The notion of ^-filtration 
will play an important role for the construction of the Deligne filtration. We will 
distinguish two notions for a filtered ^xx pi -module M: the notion of strict spe- 
cializability of (M, F.M) as a filtered ^xxpi-module t SaiSS] . and that of strict 
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specializability of as a i?i?^xx pi -module |Sab05| . If one uses the definition 

as stated in |Sai88l §3.2] for (M, F.M), one does not recover exactly that given in 
|Sab05l Def. 3.3.8] for RpM. This is why we will strengthen that of |Sai88l §3.2], 
and we will show that mixed Hodge modules in the sense of fSai90] also satisfy the 
strengthened condition. 

Specialization of a filtered &xxP^-i^odule. Let X be a complex manifold and let 
(M, F,M.) be a filtered holonomic ^-module on X x P^. Since M is holonomic, it 
admits a Kashiwara-Malgrange filtration V,M along X x {oo} indexed by A + Z, for 
some finite set A C C equipped with some total order. We will not care about the 
choice of such an order by assuming that A C M, and equipped with the induced 
order. This assumption will be enough for our purpose. We can extend in a trivial 
way the filtration as a filtration indexed by E, with only possible jumps at A + Z 
at most. The normalization we use for the Kashiwara-Malgrange filtration is that 
t'dt' + a is nilpotent on gr„ M := V^M/y<Q,M, for each a G A + Z (so there will 
be a shift with the convention in |Sai88| and |Sab05| ) . 

Definition 2.2.1 (cf. |Sai88l (3.2.1)]). Let (M,F.M) be a filtered holonomic 
^Xx pi -module. We say that (M,i^,M) is strictly specializahle and regular along 
X X {oo} if 

(1) Compatibility conditions in |Sai88l §3.2.1]: 

(a) for each a < 1 and each p, t' : FpM n VqM FpM D Vq_iM, 

(b) for each a > 0, Of : Fp gr^ M ^ Fp+i gr^+i M. 

(2) For each a e R, the filtration F,l\\. induces on each gr^ M a good filtration 
(with respect to F,&xx{oo})- 

We refer to |Sai88i §3.2] for the consequences of ([Ij. By definition, for a po- 
larizable Hodge ^-module |Sai88j or more generally a (graded-polarizable) mixed 
Hodge module |Sai90j . (M, F,M.) is strictly specializable and regular along X x {oo} 
in the sense of Definition 12.2.11 

Specialization of a Rp&xxw^ -module. Consider the increasing filtration V.iRp^xxV^) 
indexed by Z, which is constant equal to Rf^xxa^ in the chart with coordinate t, 
and for which, in the chart with coordinate t', the function t' has degree —1, the 
vector field 5f/ has degree 1. and ^x[z] and zQx have degree zero. 

Definition 2.2.2 (cf. |Sab05l Def. 3.3.8]). Let ^ be a coherent i?i?^xx pi -module 
(e.g., ^ — i?i?M as above). 

(1) We say that ^ is strictly specializable along X x {oo} if there exists a 

finite set A C K and a good T^-filtration of ^ (good with respect to 

V.(i?i?^xxpi)) indexed hy A + Z, such that 

(a) each graded module gr^^ is strict, i.e., it has no C[z]-torsion, 

(b) On each grj^ the operator t'df + za = z{t'dt' + ct) is nilpotent 
(the normalization is shifted by one with respect to |Sab05| . for later 
convenience) , 

(c) the map t' : Vq./# Va-i^ is an isomorphism for a < 1, 

(d) the map dt' '■ g^X ~^ §'"q+i ^ ^'^ isomorphism for a > 0. 



22 



H. ESNAULT, C. SABBAH, AND J.-D. YU 



(2) We then say (cf. jSabOSI §3.1.d]) that ^ is regular along X x {00} if, for 
any a G R, the restriction of to some neighbourhood of X x {00} is co- 
herent over Rp2lxy.v^ jv^ (and not only over RpVo^^xxr^ = ^o-Rf^xxpO- 

Remarks 2.2.3. 

(1) This definition gives a subcategory of that considered in |Sab05l §3.3] 
(cf. also |Moc07l Chap. 14], [Moclll Chap. 22]), as we impHcitly assume 
that t'dt' acting on gr^ ^ has the only eigenvalue za with a G K, so that 
we will in fact implicitly assume that a S M if gr^^ ^ 0. However, this 
subcategory is enough for our purpose. 

(2) Such a filtration is unique (cf. |Sab05l Lem. 3.3.4]). 

(3) Conditions l2.2.2t[Tc| and (jldp are not the conditions given in |Sab05l 
Def. 3.3.8(lb,c)], but are equivalent to them, according to |Sab05l 
Rem. 3.3.9(2)]. 

The following will be proved in Appendix IB] 

Proposition 2.2.4. Assume that (M, F,M.) underlies a polarizable Hodge 
S> -module |Sai88| or more generally a (graded-polarizable) mixed Hodge module 
[Sai90| . Then iJp-M is strictly specializable and regular along X x {c»} in the sense 
of Definition YZ.'ZTR Moreover, the V -filtration V,{Rf^) of RpM as a Rp^xxr^- 
module is equal to RpV.M., where we have set RpVaM. — ©p(i^pM H Va'M.)zP. 

2.3. Partial Laplace exponential twist of RpS^x xP'^-^odules. Let (M, F.M) 
be a filtered @xxr^ -module. We will usually denote by {M,F,M) its restriction 
to X X A^i, that we regard as a filtered ^x[i](i9i/)-iiiodule, and by (M' , F,M') its 
restriction to X x A^, , that we regard as a filtered !^x[t']{dt')-niodule. The Laplace 
exponential twist of RpM. that we define below is an intermediate step to define 
the partial Laplace transform of Rp3v[, but we will not need to introduce the latter. 

We consider the affine line A^ with coordinate r. The varieties X x and 
Z = X X X A} are equipped with a divisor (still denoted by) 00. We have 
projections 



Let be a left i?F^xxpi-module, e.g., ^ = RpJvl. We denote by ^ the 
localized module Rp^xxr^i*'^) ®RF&xxr^ ^ ^ ^'S'' ^ ~ ^f-^ ^ defined in ^2.11 
Then ^ is a left RpQ) z{^*oo)-m.od\AQ. We denote by p+^(8)(S"^/^ or, for short, 
by •Sf, the i?i?^z(*oo)-module ^ equipped with the twisted action of Rp&z 
described by the exponential factor: the .Ri?^^ -action is unchanged, and, for any 
local section m of 



Z 




(2.3.1) 



X X pi 



X X Ai 
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. on X X Aj X A-^, 



(2.3.2) 



dt{m ® <f = [(9* + T)m] 



. on X X Aj, X A^, 



(2.3.3) 



»t-(m ® ^*^/^) = [(5t- - T/t'^)m] ^*^/^ 



Lemma 2.3.4. T/ie /e/t multiplication by t~z is injective on '3^ and the cokernel is 
identified with ^ (that is, ^®0^yy^Z*\z\ equipped with its natural z-connection 
or, equivalently, ^ equipped with the twisted z-connection). 

Proof. We can realize algebraically as C[t] ®c as a ffx[z, rj-module, with 

the twisted St , Sf , ^T-action as above. Then the first statement is obvious by con- 
sidering the filtration with respect to the degree in t, and the second statement is 
obtained by replacing t with z in (|2.3.2p and (|2.3.3p . □ 

2.4. Partial Laplace exponential twist and specialization of RpH^xxP'^- 
modules. Let (M,F.M) be a filtered holonomic xpi-module which underlies 
a mixed Hodge module and let ^ be the Rp &x xr^-^odule defined as ^ = RpJA. 
Then ^ is a strictly specializable and regular along X x {oo} in the sense of Def- 
inition according to Proposition 12.2.41 It follows from fSab06', Prop. 4.1 (ii)| 
that is strictly specializable and regular along r = 0. We will denote by 
the corresponding ^-filtration. Let us recall the main steps for proving the strict 
specializability and the regularity in the present setting, which is simpler than 
the general one considered in loc. cit., since the eigenvalues of the monodromy at 
infinity have absolute value equal to one (and more precisely, are roots of unity) . 

On the one hand, for a G (0,1], one identifies gr^ (a i?F^xx pi -module) 
with the push-forward, by the inclusion ic^ : X x {oo} X x Pi, of grJ^_ii?FM 
(cf. loc. cit., proof of (ii)(6) and (ii)(7)), whose strictness follows from the first part 
of Proposition 12.2.41 

On the other hand. Let us denote by Mmin the minimal extension of M along 
X X {oo}. This is also a mixed Hodge module: if j : X x ^ ^ X x de- 
note the inclusion, we have Mmin — image[j!j*M in the category of 
mixed Hodge modules (cf. |Sai90| ). Moreover, RpM^nin corresponds to the mini- 
mal extension of RpM., in the sense of |Sab05l Def. 3.4.7]. Then the proof of (ii)(8) 
in loc. cit. identifies gr^ to a successive extension of the objects grY 
RpJAmim «cxD,+ kerNt/ and Zoo,+ cokerNf, where is the nilpotent part of the 
monodromy on grj' i?i?Minin ~ gi'o' RpM., and all these components are known to 
be strict, by the first part for the first one, and by the very definition of mixed 
Hodge modules for the three last ones. 

Let us emphasize at this point that, according to the previous result and the 
second part of Proposition 12.2.41 for each a G [0,1], gr^ "S^ is identified with 
the Rees module of a filtered ^-module underlying a direct summand of a mixed 
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Hodge module (recall that, for (M, F.M.) underlying a mixed Hodge module, 
®ae(o i](S^Q ■'^7 S^a ^) underlies a mixed Hodge module). 

Lastly, the y-filtration of along r = is given by an explicit formula from 
the V- filtration of ^ along t' = (see the proof of 4.1(ii) in |Sab06] ). For our 
purpose, we have the formula already used in the proof of [SablOl Prop. 6.10], when 
considering the chart A^,: 

Vae [0,1), F;(-^)|^,^,^,xi -E(l®^^*'-^®^"')'™®ci'-'i?^^l^i'M'), 

' k^O 

where we have indicated as an exponent the variable with respect to which the 
F-filtration is taken. In the chart A^, we simply have 

Vae [0,1), ^J(^)|x,Ai,s =^,xxA^,xA- 
We note that, according to Lemma [2.3.41 left multiplication by r — z is injective 

on Kr(^). 

3. A GENERALIZATION OF DeLIGNE'S FILTRATION 

We keep the notation as in iJ2.1l Our purpose in this section is to prove: 

Theorem 3.0.1. For each filtered holonomic Slxxv^-nnodule (M,-F,M) one can 

define canonically and functorially a F.&x^r^-fi^tfC'tion _F'J^°'(M (3 £^). 

(1) If (M, F.JVV) underlies a mixed Hodge module, then F^^^CM® E^) is a good 
F, i^x xpi -filtration. 

(2) For each morphism ip : (Mi,i^,Mi) — S> (M2,i^.M2) underlying a morphism 
of mixed Hodge modules, the corresponding morphism 

ip^ : (Ml Fd,i(Mi ® ^^)) (M2 ® F^JM2 ^T^)) 

is strictly filtered. 

(3) For (M, F,JA) underlying a mixed Hodge module, the spectral se- 
quence attached to the hypercohomology of the filtered de Rham complex 
F^"^ DR(M (g) (?^) degenerates at Ei. 

3.1. Definition of Deligne's filtration. Let (M,F.!M) be a filtered holonomic 
•^xx pi -module. We recall that M £^ = M as an €^xx pi -module. We will im- 
plicitly use the description of (M, F,M.) as a pair consisting of a filtered ^x[t]{dt)- 
module {M,F.M) and a filtered ^x[t']{dt')-module {M',F.M') with the standard 
identification. We define, for a G [0,1) and p E Z, 

F^^liM ® £^)|xxAi = F^p^\x..A\ = FpM, 

(3.1.1) ^Dei ^ E^)^x.A), = E 9t't'-' [{Fp-kM' n T4M') , 

fe^O 

and the last term is included in FpM'{*oo): recall from the general properties of the 
Kashiwara-Malgrange filtration (cf. e.g., |Sai88[ ISab87j ) that, for a G [0, 1), the re- 
striction of the localization morphism M' — > M'(*oo) to VqM' is injective. We can 
therefore regard each Fp^kM' n VaM' (k ^ 0) as being contained in i^p_fcM'(*oo), 
hence its image by the operator on its left is contained in FpM' {*oo). 
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The Deligne filtration satisfies properties similar to those of its special case 
(fTXTll . It is a ^F.i^xx pi "filtration (this is clear on X x A}^ and this is proved 
as for (|1.6.7p on X x A^,). Similarly, (|1.6.8p holds on X x A^,. Note also that, since 
FpM' = for p < 0, each F°^^(M £.^) is ^^x pi -coherent. 

If we set i^D;;i(M®£^) = Y.f.'<t, Fj^,<'\M<S)e^) and gr^°°'(M®£^) = FD^VF^;;', 
then gr^ (M £^) is supported on X x {oo} if /i ^ Z. 

Proposition 3.1.2. Assume that (M, F.M) underlies a mixed Hodge module. 
Then, for each a G [0, 1), the Rees module Rpoci (M (g) £^) is obtained by the 
formula 

i?pDei (M ® £^) = v,:i^)/iT - 



Proof. We will use the expression of given in ^2.41 The equality is easy in 

the chart X x A^ x A^ , and we will consider the chart X x A^, x A^ . Then it follows 
from the expression of {'?£') that 

= i?^Doi^(M(g)£^). 

It remains to show that V^^^ n (r — z)'^ = (r — z)V^'3M . This is a consequence 
of the strictness of gr!^ for any 7, as recalled in ^2.41 Indeed, assume that 
m € V^"Sf is such that (r — z)ra € . If 7 > a and the class of m in gr!^^ 

is not zero, then the class of (r — z)m is zero in gr^ "S^, and this is nothing but 
the class of —zm. By strictness, the multiplication by z is injective on gr^^ 
which leads to a contradiction. □ 

Remark 3.1.3. The natural inclusion 

ij^Dei^ (M (g) £^) = yj-^/ [(t - z)-^ n yj^] ^ ^/{t - 0)-^ 

can be understood as follows. Recall that "S^/ (t— z)"S^ is identified with RpM. with 
twisted action of St,St' f ti2.ip . where the filtration FpM is defined as (FpM)(*oo). 
We then remark that, if a € [0, 1) is fixed, we have a natural inclusion F^^^M C 
(FpM)(*oo), since both coincide on X x Aj. This is the natural inclusion above. 

Proof of l3.0.1p ^ . As already mentioned in ^2.41 is strictly specializable and 
regular along t — 0. This implies that VJ*^ is iJiT-i^^^ji -coherent. By Proposi- 
tion l3.1.2l i?^Doi (M(8)£^) is then Rf^^i^/{t — z)RfS> ^-^-cohevent. In order to 
conclude, it remains to identify the later quotient with iii^^xxpi 1 which is straight- 
forward. □ 

Proof of [ginpi) . For each a E [0, 1], the morphism grj^*' if : grj^*' (Mi, F.Mi) 
grj^* (M2,F.M2) is strict, since it underlies a morphism of mixed Hodge modules, 
according to |Sai90| . Using [Sab06[ Prop. 4.1], we find that ip induces a strictly 
specializable morphism (in the sense of |Sab05l Def. 3.3.8(2)]) : "S^i ■3^2- 
Applying |Sab05l Lem. 3.3.10], we obtain that ^ip is ^-strict. 

Let us denote by !K, J, C the kernel, image and cokernel of with the induced 
filtration F. , which underlie mixed Hodge modules, according to |Sai90| (due to 
the strictness of tp, both natural filtrations on 3 coincide). By the strictness of tp, 
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RpOC, RpJ, RpC are the kernel, image and cokernel of Rpip- Since the construc- 
tion ^ (pull-back p+ followed by the twist «?*"'/"^) is exact, ,^Jif are the 
kernel, image and cokernel of 

Then, by the ^-strictness of we get exact sequences for each a S [0, 1), 

yjar yj^i v^^j 0, 
^ i^J^^ 0. 

Since r — z is injective on each term, we can apply Proposition 13.1.21 to get exact 
sequences 

— > Rpu.i^ {% ® £^) — > Rpu.i^ (Ml £^) — > Rpn.,^ (J £^) — > 0, 
— > Rpnoi^ (J ® £^) — > Rpn.,^ (Ma £^) — > Rpuai^ (6 (g) £^) — > 0, 
and therefore we get the exact sequence 

Rpuai^{X(E,E^) -J> i?j,Dci^(Mi(8)£^) i?^Dei^(M2(8)£^) ^ Rpu.i^{e(g>E,^) 0. 

□ 

3.2. Behaviour with respect to push-forward. Let h : X ^ Y he a, projective 
morphism. Let us also denote by h the projective morphism ft- x Id : X x YxF^ 
and by G the projection F xP^ P^, so that F = Goh. Let (M, F.M) be a filtered 
holonomic ^xxpi-module which underlies a mixed Hodge module |Sai90| . Its push- 
forward ft,-|_(M, i^.M) is then strict (see Appendix E| . that is, 

(3.2.1) Vj, J^^h+RpM = Rp^yf^h+M, 

which is equivalent to asking that the left-hand term has no C[z] -torsion. Moreover, 
each {J^^h^M., F.J^^h+M.) underlies a mixed Hodge module. If (M, F,M.) is pure 
(and polarizable) , then each {Jf^h+M.,F,Jf^h+M.) is also pure (and polarizable). 

On the other hand, we clearly have /i+(M £^) — (ft.+M) ® £'^. Therefore, 
J^^h^CM (g) £^) = J^^h+{M.) £*^. Similarly, considering the twisted objects by 
£>tr/z ^2.3p and according to (|3.2.ip . we have, with obvious notation, 

(3.2.2) Vj, Jf^h+-3^ = ^{RpJ^^h+M). 

Proposition 3.2.3. If (M.,F,M.) underlies a mixed Hodge module then, for each 
a G [0, 1), we have strictness of the push-forward of the Deligne filtration: 

M'^ {h+Rpn.,^ (M ® £^)) ^ i?^Doi^ jr^/i+(M) (g) £^, Vj. 

Proof. As we have seen in ^2.41 is strictly specializable along r = and 
each gr^ is a direct summand of the Rees module of a mixed Hodge module. 
It follows from |Sai90j that /i+ gr^ ^ is strict for each such a (cf . Appendix [XJ . 
According to |Sab05l Th. 3.1.8], each J^^7i+('^) is strictly specializable along t ~ 
and we have 

^^'(/i+t/j-^) = v;^M'^h+{'?£). 

According to p.2.2p . we can apply the results of ^2.4l to Jf^{h+'?^). Therefore, for 
each j, T—z is then injective on J^^h+{V^^) since it is injective on J^^ h+{'?£'). 
Arguing by decreasing induction on j, we find that for each j the sequence 

^ jif^h+iv^^) ^'"^ > jf^/i+(Fj-5f) M'^h+{v;^^/{T-z)v^^) ^ 
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is exact and is identified with the sequence 

The proposition now follows from Proposition 13 . 1 .2] that we apply to both "Sf and 
Jf3h+-¥£, according to □ 

3.3. i?i-degeneration. We keep the setting as in t i3.2l and we consider the twisted 
de Rham complex DR(M (g) £^). For each a G [0, 1), the filtration F^f,{M (g) 
is a i^,^xxpi"filtration. hence the twisted de Rham complex is filtered by 

i^°^'.DR(M®£^) - {O^F°_^'.(M®£^) ^ ■■■}■ 

Theorem 3.3.1. For each a E [0, 1), the filtered complex 

Rr{X X P\F^^[ DR(M ® £^)) 

is strict. 

Remark 3.3.2. From |Del71l Prop. (1.3.2)] we deduce that the corresponding spec- 
tral sequence degenerates at Ei , hence I3.0.H[ 5|) . 

Lemma 3.3.3. The theorem holds if (M.,F,M.) is a mixed Hodge module on P^, 
that is, if we assume X ~ {pt} in the theorem. 

Proof. According to [SablOl Th. 6.1], the theorem holds if X = {pt} and (M, F.JA) 
is a polarizable Hodge ^i-module. Let opi : P-'^ — >■ pt denote the constant map. 
More precisely, it follows from the proof of |SablOI Prop. 6.10] that 

(3.3.4) ff^api^+(i?^Dci^(M® £'^)) =0 for i 7^ 0, 
and 

(3.3.5) i/°api,+ (i?^D.i^(M(g)£^)) = i?pDoi^i7°api^+(M ® £^). 

Let us prove by induction on the length of the weight filtration that (|3.3.4p and 
p.3.5p hold for a mixed Hodge module. If the length is > 1, we find a short exact 
sequence of mixed Hodge modules whose underlying filtered exact sequence is 

— > (Mi,F.Mi) — > (M,F.M) — > (M2,F.M2) — > 0, 

and (|3.3.4|) and (|3.3.5p hold for the extreme terms. Theorem [STOJp]) gives an exact 
sequence 

— > Rpnai^ (Ml ® £^) — > Rpoa,^ (M ® £^) — > Rpo.,^ (M2 «) £^) — ^ 0. 

Then the long exact sequence for H*api_^ shows that p.3.4p holds for the middle 
term and we have an exact sequence 

— > i/°api,+ (i?^Dd (Ml (g, £^)) — > i?°api.+ (i?^^Dd (M (g) £^)) 

— > i?"api,+ (i?^Doi^(M2 «) £^)) — > 0. 

According to p.3.5p . the extreme terms have no C[z]-torsion, that is, "i?^Dci com- 
mutes with if^opi _|_". Then the same property holds for the middle term. □ 
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Proof of Theorem KJH We regard Rr{X xP\Rpi,ai^ DR(M®£^)) as the complex 
a+Rpn^i (M (8) up to a shift, where a : X x — > pt is the constant map. The 
theorem is a consequence of the strictness (i.e., no C[z]-torsion) of this complex. 
Let us set a = api oF. Then, according to Lemma r3.3.3l p.3.4p and p.3.5p hold for 
i?^Dci JfiF+{M (g) £^) for each j. Using now the strictness given by Proposition 
13.2.31 we have for each j 

W{a+Rpuai^{M(3 8.^)) = i7°api^+(i?^Dci^^JF+(M(g£^)), 

and therefore 

W {a+Rpoai^{M ® £^)) = i?pDci^i7°api,+ (^JF+(M ® £^)) 
= Rpn.i^W {a+{M ® £^)), 
which is the desired result. □ 

3.4. Proof of Theorem [1X21 It follows from |Sai90j that the filtered ^x-module 
{^x{*D), F.^x{*D)) underlies a mixed Hodge module. We first remark that 
Corollarv \TJM which is proved for { ffx{*D), F.ffx{*D)) in the chart X x A^,, 
also holds in the chart X x in a standard way. Therefore, in the statement of 
Theorem Oil we can replace FY".^(V) with F^fDR{ef{*H)), due to the first 
isomorphism in Corollarv ll.7.61 

Using now the second quasi-isomorphism in Corollarv ll.7.61 we are reduced to 
proving the injectivity of 

for each q, i.e., the strictness of Rr{X x P^, F^^' DR(i/,+ (^x(*£') ® £^))- This 
follows from Theorem 13.3.11 applied to if,+ (?x{*D)- D 

Appendix A. -degeneration and strictness 

Let X be a complex manifold and let (M,F.M) be a coherent ^x-uiodule 
equipped with a good filtration. It defines a coherent graded _Ri? i^x-uiodule RpM. 
and this correspondence induces an equivalence of categories consisting of the cor- 
responding objects. 

In [Sai88, §2] (cf. also |Lau83j ) is constructed the bounded derived category 
D^^F{!^x) of filtered complexes of i^x-uiodules together with an equivalence Rp 
with the bounded derived category D^{gr-Rp!^x) of graded i?i?i^x -modules. The 
subcategory D^^^F{^^x) is by definition Rp^ of the subcategory D^^^{gr-Rp^^x) 
(graded i?i?^x-coherent cohomology). We have a commutative diagram of functors: 

i?,V(gr'' ^x) D^^^^F{S>x) ^ ^cV(^x) 

D^igT-Rpi^x) 

A bounded complex {K',F,) of filtered i^x-uiodules is said to be strict if for each j 
and eachp, the morphism Jf\FpK') ,y^\Fp+iK') is injective (this corresponds 
to the definition given in | Sai88l §1.2.1, p. 865, line —5] with jj^I = 1). Equivalently, 
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,yif^ [RpK') has no z-torsion for all j and, since this is a graded module, this is 
equivalent to {RpK') having no C[2:]-torsion (i.e., being C[z]-flat) for all j. 

For an object {K',F.) of D^^^F{&x): strictness implies that .Jif^RpK') is 
graded -coherent and without C[z]-torsion, hence takes the form RpJif^{K') 

for some good filtration on J^f^K'). This filtration is nothing but the filtration 

FpJf^K') = image Ij'^^iFpK') {K') 

Let h : X ^ Y he 'A proper morphism. The direct image functor : 
— >■ D^^^F{SIy) (we use right ^-modules here) is constructed in [SaiSSj 
by using the equivalence of categories with induced filtered ^-modules. Through 
the Rp functor, it corresponds to the direct image h+ : D^^^^{gr-Rp!^x) —>■ 
D^^^{gi-Rpi^Y) constructed by using the equivalence of categories with induced 
graded i?F^Js: -modules. On the other hand, a functor h+ : D^^y^{gT-RpS'x) — >■ 
^cohis^'^F^y) can be defined directly as Rh^{' ®RpSix Rf{^x^y)) and both 
coincide since h is proper (cf. |Sai89| for the analogue for f^- modules). 

As a consequence, given a coherent ^x-module with good filtration (M,F.M), 
the push-forward /i+(M, F.M) is strict if and only if M'^hj^lRp'M) is strict (i.e., has 
no C [2;] -torsion) for any j, and in such a case Jif^ h+{RpM.) — RpJff^ h+{M.), where 
F,J^^ h^CM) is the filtration ima.ge{J^^ F,h+M. — > J/f^h+M.), and these morphisms 
are injective because, h being proper, J^^h+M. — linj^ J^-'Fp/i+M. It also follows 
that the corresponding spectral sequence degenerates at Ei . 

Appendix B. Proof of Proposition 12.2.41 
We start by making more explicit the relation between Definitions 12.2.11 and 

Definition B.l. Let (M, i^.M) be a filtered holonomic f^^x pi -module. We say 
that (M, F.M,) is strictly specializable and strongly regular along X x {00} if it 
satisfies the properties of Definition 12.2.11 and moreover 

(21) for each a e M, the filtration F.M induces in the neighbourhood of X x {00} 
on each Vq,M a good filtration with respect to F.S^xxP'^ /pi- 

Clearly, ([5J) is stronger than I2.2m p|). It implies in particular that each VaM. is 
■^Xxpi /pi -coherent. 

Lemma B.2. Assume that (M, i^.M) is strictly specializable and strongly regular 
along X x {00}. Then RpM. is strictly specializable and regular in the sense of 
Definition \2.2.2\ and the V -filtration of RpM. is given by V.RpM. — Rp{V,M.). 

Proof For each a e R, let us set U^RpM := Rp{VaM) with FpVaM := 
FpMnVaM. This is a F-filtration since RpVo^xxF^ = Vo{Rp^xxP^)- Moreover, 
we have gr^ RpM = Rp grj^ M, hence gr^ RpM. is strict, i.e., has no C[z]-torsion. 
So lTTmal, is fulfilled. 

Note that RpVaM is left invariant by zt'df =: t'df, and that t'df + az is 
nilpotent on Rp gr^ M since t'df -I- a is so on gi^ M. Therefore, we get I2.2.2ljlb|) . 
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We also note that ^) implies that each UaRp^ is Vb(i?F^xxpi)"<^oherent. 
Moreover, 12.2. Ip ]) implies the conditions I2.2.2t|lc() - (jld|) which, together with the 
coherence of UaRp^, implies the goodness property of this F-filtration. 

By the uniqueness of the F-filtration, we conclude that C/,i?i?M — V.i?i?M. 

Lastly, (0) means that the restriction of VaRp^ to a neighbourhood of X x {oo} 
is Rpl^xxF^ /pi-coherent for each a, which is the regularity property 12 . 2 .2tp |) . □ 

The proof of Proposition 12.2.41 relies on the following analogue of |Sai88l 
Prop. 3.3.17], together with its twistor analogue jSabOSI Th. 3.1.8]. 

Proposition B.3. Let h : X ^ Y be proper holomorphic map between complex 
analytic manifolds and let t' denote the coordinate on C. Let us also denote by h 
the map h x Id : X X C ^ r X C. Let (M,F.M) be a filtered holonomic ^xxC" 
module which is strictly specializable and strongly regular fDefinition \B.l\) w.r.t. to 
the function t' : X xC ^ C Then V,i?i?M (cf. Lemma \B.2\) defines canonically and 
functorially a V -filtration U,J^^{h^RpJA) :— .ytf''{h^V,Rp3Vl) with the following 
properties. 

(1) U {h+RpJA) is a good V -filtration. 

(2) If moreover grj^ i?i?M is strict for each a (i.e., each gr^ i?i?M) 
is strict), then 

(a) hj^RpJA is strict in the neighbourhood oft' — 0, i.e., for each i, the 
filtration J^'(ft._|_M) induced from the filtered complex /i+(M, F,3V[) 
satisfies RpJ^(f^{h-^'M.) — .y/f^h-^-RpM. in the neighbourhood oft' — 0; 

(b) each (j^*(/i+M), i^, J^*(/i+M)) is strictly specializable and strongly 
regular along t' = 0, we have 

U.Jf\h+RpM) = V.Jf'{h+RpM) = RpV.Jf^\h+M), 

and a canonical and functorial isomorphism of Rp Sly -modules faGMJ 
gr^ {M'^h+RpM) = M'\h+ gil RpM). 

Proof. Under the assumption of the proposition, it follows from Lemma IB. 21 that 
RpM is strictly specializable along t' = in the sense of Definition 12.2.21 Then ([!]) 
follows from |Sab05l Th. 3.1.8]. 

Because of Lemma IB. 21 the assumption IB.3P )) is equivalent to the strictness 
of h+Rp gr^M., which is the assumption in |Sai88l Prop. 3.3.17]. Therefore, 
/i+(M, F.M, V.M) is bistrict in some neighbourhood of F x {oo}, so /i+(M, F.M) is 
strict, hence ((2a|) . The bistrictness (cf. |Sai88l §1.2.1, p. 865, line —5]) also implies 
that, setting F.,yf'{h+M) := ^'(F./i+M) and V.Jf°'{h+M) := Jf°'{V.h+M) (that 
we have inclusions of the right-hand terms in Jff^{h+M.) follows from strictness), 
we have 

F.M"{h+M) n V.M"{h+M) = M"{F.V.h+M), 

where the bifiltered complex F.V.h+M. is naturally defined from the bifiltration 
F.M n V,3Vf of M. Interpreting this in terms of Rees modules gives, for each a, 

(B.4) RpVaJf'{h+M) = J^' {h+{RpVaM.)) , 

and thus a canonical identification (cf. |Sai88l Prop. 3.3.17]) 

Rp gil {,3^'h+M) = Jf' [h+Rp grl M) . 
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It also gives the strict specializability and the regularity of (j^*(/i+M), F,J^^{h+M.)^ . 

On the other hand, the assumption IB.3t| 2|) is the assumption made in jSabOSI 
Th. 3.1.8], hence ^*/i_|__Ri?!M is strictly specializable along t' ~ (in the sense of 
Definition [MS and V.,J^'{h+RFlVi) = U.-^'ik+RpM) = .rf'ih+V.RpM). Since 
V.RpM ^ RfV.M, implies 

(B.5) RFVa.y/^'{h+M) = VaM^ih+RpM). 

Lastly, the strong regularity of (M,F.M) is equivalent to the regularity of 
RfM, hence implies that of M'^h+RpM) (cf. jSabOSI §3.1.d]), so (|R5)) gives the 
Rf!^x-k¥^ /r'^-'^ohemwce of RpVa,^^ {h+JA) , which is the desired strong regular- 
ity. □ 

Proof of Proposition 12.2.41 By definition of a Hodge module and according to 
Lemma IB. 21 we only need to check, for a mixed Hodge module, the strong 
regularity property ([21) of Definition IB. II 

Let us first recall that any morphism ip : (M,F.M) -> (M',F.M') between 
filtered ^xxpi"modules underlying mixed Hodge modules (or direct summands of 
such) is bistrict when considered as a bifiltered morphism : (M, F.M, V.^Vt) — 
(M'j F.M', V.Jvt), where V, is the Kashiwara-Malgrange filtration with respect to 
X X {oo}. Indeed, since (grj;" M, F. grj^ M) and (grj^ M', F. gr^ M') underlie direct 
summands of mixed Hodge modules, the morphism gr^ ip is F-strict for each a G Q. 
The bistrictness of ip now follows from |Sai88l Lemmas 3.3.3 & 3.3.5] applied to the 
two-term complex defined by ip. 

It follows that, given an exact sequence of mixed Hodge modules, applying RpVa 
to this sequence preserves exactness. Hence if two terms of the i?i?VQ,-sequence 
are i?F^xxPVP^~^°^^''^'^^' third one. This argument allows us to use a 

standard devissage procedure to check iBAtp i). and it is enough to check it for a 
mixed Hodge module which is the maximal extension of a smooth mixed Hodge 
module on a smooth quasi-projective subvariety V oi X xV^ . 

Let us choose a smooth projective resolution Z of the closure y C X x which 
is an isomorphism above V and such that the union of Z \ and the pull-back of 
X X {oo} is a divisor with normal crossing. Applying Proposition IB . 3l to the proper 
morphism Z — > X x allows us to reduce the computation to the case of mixed 
Hodge modules of normal crossing type |Sai90| §3], with respect to a function g 
which is locally monomial. It is also enough to consider the pure case, since the 
mixed case follows by extension. 

The strong regularity in such a situation then follows, according to Formula 
|Sai90l (3.10.3)], from the explicit formula |Sai90l (3.17.3)], which can be applied 
to pure Hodge modules thanks to |Sai90l (3.18.3)]. □ 

Appendix C. Proof of Proposition 11.5.31 

Let vjx X ^ X (resp. w : P^ — > ) be the real oriented blowing up of the irre- 
ducible components of D (resp. of oo) . It induces an isomorphism X \ vo^ (D) 
X \ D = U. Recall that one can construct X by gluing local charts as follows. 
Let Xa be charts of X in which D is equal to a union of hyperplane coordinates. 
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In the local setting of iJl.ll we set Xi — pi exp(i0i) (i ^ 1, . . . yj — rjj exp(iTj) 
(j — 1, . . . , to). Then 

(C.l) Xa = {S^Y X (M^o)^ X A™ X AP, where A™ = (5^)™ x (R^o)"- 

Any holoniorphic gluing between Xa and Xp which is compatible with D induces 
a holoniorphic gluing between Xa \ D and X/s \ D which extends in a unique way 
as a real analytic gluing between Xa and X^. It satisfies therefore the cocycle 
condition, from which we obtain the real oriented blow-up map wx- 

In a similar way one checks that the morphism f : X ^ ¥^ induces a map 
J : X Set S*^ = m-^oo) and X^^ = I^^iS^^)- In the neighbourhood of 

Pred we will replace X with the inverse image X' of a disc A C centered at c>o, 
with coordinate t'. We then denote by g : X' ^ A the map induced by 1//, so that 
P = (g). This map g can be lifted as a map g : X' A, where A has coordinates 
(expiargi', p'). In the local setting of ^1.11 we have 

^oo = {S^Y X { n = 0} X A™ x AP, 

i=l 

and if g — x^, then \g\ — p*^ and aigg — 2_/i=i ^i^i- follows that g^^ : X^o^S^ 
is a topological fibration (since the natural stratification of X^o is obviously Whitney 
and is smooth on each stratum, and proper). 

Denote by Z C Xoo the closed subset whose complement consists of points in 
the neighbourhood of which e^/^ has moderate growth (i.e., in the neighbourhood 
of which Re(g) < 0) and let Z° C Z be the closed subset g"i(Mj.o) n Xqo- We have 
Z — Xoo n {arg5 e [— 7r/2, 7r/2]} and Z° = X^o H {arg^ ~ 0}. Since g^^ is a 
topological fibration, Z° is a deformation retract of Z. We consider the inclusions 

Ti e « j YNZ f ^ 3Z 



and the exact sequences 

^ ^ = Aa,Cc/ ^ Cj^ = (/3 o a),Cc/ — ^ Cz — ^ 0, 

— ^ JT' = A^'a^Cc -^C^ = {l3''o a'')Xu ~^ C^o — ^ 0. 

In these exact sequences, it can be seen that the * push-forwards are equal to the 
corresponding derived push-forward, that is, for example, R'^a^Cu = for fc > 0. 

Lemma C.2. There is a natural quasi- isomorphism (i7^(*_D), V:=d+d/) ~ Rvj-if,'^ . 

Sketch of proof. We can argue in two ways. Either we use the theorems of multi- 
variable asymptotic analysis of Majima |Maj84 as in |Hie09l Prop. 1], or we fac- 



torize m through the real blow-up space w : X ^ X of the single divisor Pred- 
Let us sketch the latter method. Using notation as above for X, |Sab96l Th. 5.1] 
gives a quasi-isomorphism {i}'-^{*D),V) ~ Rw^R(3\Ra,,Rj^:£-u , where j denotes 
here the inclusion U X \ Pred- Let p : X X denote the natural map, so that 
a o j = p o a and /3 o p — p o /3. Then the right-hand term above is isomorphic to 
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As a consequence, H^^iiU,^) — H^{X,J^). Since Z retracts to the nat- 
ural map H^{Z,C) — )■ H^{Z^^C) is an isomorphism, and therefore so is the map 
H^{X,,:^') — s> H'^{X,^) for each k. The proof now reduces to finding a mor- 
phism d) Rm^,,^' (in the derived category D^{Cx)) and to proving that it 
is an isomorphism. Equivalently, we should find a morphism (D,'-^{logD)/fl'j,,d) — > 
RvUfCz" which should be an isomorphism, and should make the following diagram 
commutative: 



(C.3) 



{n'^{\ogD),d) 



-^{n],iiogD)/n},d) 



Rj* 



Rzutf 



■'X 



I 

I? 



The question is now local around P-^cd and we can work with g : X' — > A 
already considered above. We will also denote by (il*, d) the complex (il^'''", d)|x'- 
We can describe it as follows. Working on A, we denote by (il*, ,d) the complex 

{t'^A rJX(logO)}- Then 17* = g*Vt\, ®n'^,{\ogD), according to PXT|) . and 
the quotient complex fl'^iilogD) /fl'^ can be obtained from the relative logarithmic 
de Rham complex J7^,^^(log £>) by the formula 

n'^,{\ogD)/ni = n'x,,^{\ogD)/gn'^.,^{\ogD) 

(cf. Appendix IE]) . Recall that Q.'^, ^ ^{\ogD) was defined by Steenbrink in |Ste76| : 
n\,i^{\ogD) = A {n\,{\ogD)/g*n\{\ogQ)) 



^'x-i^ogD)^ 



idg 
9 



Ar!^-i(logi?). 



The proof now decomposes in three steps, in order to treat the case of a non 
reduced divisor P. We first analyze the behaviour of the various objects by a 
ramification of the value of g, following |Ste77| . We then treat the case when the 
pole divisor is reduced but within the framework of V-manifolds. We finally treat 
the general case by pushing forward along the ramification morphism and taking 
invariants with respect to the corresponding group action. 

Step one: ramification. Inspired by the approach of M. Saito in Appendix [E] we 
will argue as in |Ste77| . Let e be a common multiple of the numbers (e^ is 
the multiplicity of the i-th component of P) and let us consider the commutative 
diagram 

.X' 
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where eA has coordinate u, e is defined by e{u) = u"^, and ly : eX' — ^ X' Xa eA is 
the normalization morphism. Then gP = (eg) is a reduced divisor with V-normal 
crossings in the V-manifold eX'. Set ^X'* = eX' \ eP- Then e : ^X'* X'* is 
a covering of group C? = Z/eZ, which also acts on ^X' above the corresponding 
action on gA. Recall that D = P^^d U H. Then := eP^ £~^H is also a reduced 
divisor with V-normal crossings. 

We have the following local description of {eX',eP) (cf- jSte??! Proof of 
Lem. 2.2]). We keep the notation of ^1.11 Set d — gcd(ei, . . . , e^), e' = e/d, 
e[ = Ei/d, Ci = e/ci = e'/e^ (z = 1,...,^). Then ^X' is the disjoint union 
of d copies of the space Y' obtained as the quotient of the space Y hav- 
ing coordinates {{x[)i=i^,,,^e, {yj)j='i,-,mAzk)k=i,...,p) by the subgroup G" of 
G" := Z/ciZ X • ■ • X Z/qZ consisting of the elements a = (ai, . . . ,ae) such that 
exp(^ 2'iTiai) = 1, acting as 

(C.4) a • {x', y, z) = ((e^^-'o^O.^i,...,,, y, z). 

Each component Y' is identified with the normalization of the space with equation 
u'^ = Y^i^i x^' and the composed map von from Y to the latter is given by 
Xi = x^*^* (z = 1, . . . , ^). Lastly, the composed map h : Y Y' eA is given by 
u = h{x',y,z) = Y[t=i^i ^^^i by definition, the action of G' preserves the fibres 
of h. We visualize this in the following diagram: 




As a consequence, the pull-back of the local component Pi of Prod defined by Xi is, 
in each local connected component Y' of eX', the V-smooth component gPi which 
is the quotient of {x'^ = 0} by the induced action of G". 

Lemma C.5. The natural morphisms of complexes 

(i]3,,(iogi?),d) {n'^,/^{\ogD),d) 

can be obtained by taking G-invariants of the morphisms of complexes 
e*(^^Ix'(loge£'),d) — > e,(f2*^,/eA(loge^)>d) 

> £*(^Ix'/,A(l0ge-D)/e5f^*X'/,A(l0ge^)>d) = ^ *i^lx' O^g ^D) / fl'^g , d) . 

Proof. According to |Ste77l Rem. 2.3], e^G^x' is Gx' locally free of rank e and 
the G-action is induced by the natural action u H- u • cxp(27rifc/e), so that &x' = 
(£*^e^')'^- This action is compatible with the G-action on e*i^?'x'XAcA and the 
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induced action on £*(^x'XAcA/'«if?'x'XAcA) = ^X' / 9^X' is trivial. The same holds 
then for 

e.{ff^x'luff^x') - e,{v4ff^x'/ue^x')) 

The sheaves Vl^^^,{\ogeD) (resp. ^^x' / A(^'-'Se£')) are ^^x'-locally free and are 
locally identified with e*r2^, (log L») (resp. e*VL''^, /^{logD)), cf. pteTTl Rem. 2.5], 
so that we have natural identifications 

(f}^,/^(logi?),d) - [e.{n\^,f^^{\og,D)A)f- □ 

Consider the real blow-up space Y oi Y along the components of the divisor 
(fl^^j^ The action ()C.4p of G' on Y extends to an action on Y (in 

the presentation like (jC.ll) . G' only acts on the arguments 0[) and the quotient 
space is by definition the real blow-up space Y' of Y' along the components of the 
pull-back el) of D in y, which is a divisor with V- normal crossings. By the gluing 
procedure described above one defines a global map w^x' '■ eX' — ?► eX'. Note that 
the map tt : F ^ F' is a covering with group G", and so the local charts Y' can 
also be described by a formula like (jC.l|) . 

The map e : ^X' — > X' lifts as a map e : eX' — X', which is a covering map 
of degree e with group G, and eff lifts as a map : eX' — )■ giving rise to 
an obvious commutative diagram. It induces therefore a homeomorphism ,,Z^ 
e5~^(argw = 0, \u\ = 0) ^ Z°. 

More precisely, Y has the form ()C.1|) with coordinates ((argx^i, (|a;^|)i) on the 
first two factors, and the map e is given by argx^ = c^arga;^ (a covering map of 
group G") and \xi\ ~ \x'i\''^ (a homeomorphism). The factorization through Y' 
consists in taking the quotient by G' first, and then by G" /G' on the arguments. 

Step two: the case of a reduced divisor with V -normal crossings. In order to sim- 
plify notation we will denote by X' , g, , S the objects previously denoted by 
eX' , eg, eZ'~' , eD. Let dcuotc the sheaf of G°° functions on X' (well defined 
in each chart Y' as above, due to the local form (jC.l|) ). Since G' acts on Y 
through the only factor {S^Y, the functions p'^ = \x^\ descend to Y', and we 
have — (7?*'^'-°)'^ , where n : Y Y' is the quotient map (covering map 
with group G'). Recall also that the action of G' preserves the fibres of the map 
h:Y ^A. 

Let "^^(logZ?) be the subsheaf of j^'-^^,, locally generated by logp^ 
{i — 1, . . . ,£) and log?7j (j = 1, . . . , m) in the local setting above. The logarithmic 
1-forms £/~ (logD) are the linear combination with coefficients in '^^'^(logD) of 
the forms Ap\l p\, d6'-, dr]j/i]j, dr,, dz, dz and we set £/~^{logD) = /\^ £/~^{\og D). 
We therefore get a logarithmic de Rham complex {s!/~^{logD),d). We have 
(^~,(logL'),d) = (7r*^~(logL'), d)'^' (where we still denote by D the pull-back of 
D C y in Y). 

Lemma C.6. The complex (^~,(logD), d) is a resolution o/Cj^,. 
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Proof. One first shows the result in the charts like Y, where it is proved in a 
standard way, and then one takes the G'-invariants. □ 

The sheaf (log D) of logarithmic p- forms vanishing on Z° is the subsheaf 

of (log D) locally defined as: 

^|,_^„(logi?) := (|ff|,log|5|, (exp(2^iargg) - l))=e/|,(log D) 

+ ^ A ^17 1 (log i?) + d arg g A ^17 1 (log i^) . 

We will therefore set £!/^a{\ogD) = (log D)/^|, ^,(logD). 

Given a chart Y' as above, let us set Z^, ^ Z° DY' and = n-\Z^,) C dY. 
Since G' preserves the fibres of h, it induces a covering Zy — > Zyi- As a con- 
sequence, if we define the sheaf £/~ „ (logD) by the same formula as above, 

where we only replace X' with Y and g with h, we have „ (logZ)),d) = 

(TT^is/- (log £)), d)*^ . Defining £/'o(logD) similarly, we then also have 

(^;o (iogi?),d) = (i.^^o (iogz?),d)G'. 

Lemma C.7. T/ie exacf sequence of complexes 

^ (^i, 2o(log^),d) ^ (^^,(logZ?),d) «o(logi?),d) ^ 

is a resolution of the exact sequence of sheaves 

— — >C^, — y Cz" — > 0. 

Proof. In view of Lemma [0.6 1 it is enough to prove that (jz/Jo (log D) , d) is a resolu- 
tion of C^o, and by the same argument as above, it is enough to show the result in 
charts like Y. On each octant p'^ = {i = 1, . . . , £) of p[ ■ ■ ■ p'^ — 0, one identifies Z° 
with {S^y-^ X (M^o)^"^ X A" x with coordinates e^'^'^^' , on the first two 
factors, and the restriction of (jz/Jo (log Z?), d) to this subset is equal to the complex 
defined as above for Y with the corresponding variables. We can then apply Lemma 
ESI □ 



We have a natural morphism of complexes tu" ^ i^'x' (log D) , d) ^ D),d). 
Lemma C.8. The image o/ ti7^^(r2* , d) is contained in ^p(log£'),d). 
Proof. This follows immediately by expressing p.3.ip in polar coordinates. □ 

We conclude that we have a commutative diagram: 

w-\n'x,{\ogD),d) >w-\n\,{\ogD)/n'A) 



{s^'~,{\ogD)A) > (^J„(logi?),d) 
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and by using the adjunction Id — > 117* w ^, we get the desired commutative diagram: 

(17^, (log D), d) > in],, (log D)/ni, d) 



^^'^^ n7, (log D) , d) > vj, {s/'zo (log , d) 

U \l 

That the right vertical morphism is a quasi-isomorphism can now be checked 
fiberwise at points of Prcd- We will thus check this at the center of each chart Y' . 
Since the variables z do not play any role, we will simply forget them. More- 
over, we can work in the corresponding chart Y with the function h, and we take 
G"-invariants to obtain the desired isomorphism in the chart Y' . 

We have m-\0) = {S^Y x (S"!)™ and := Z"ntu-i(0) is the fibre of the map 
(e"'v..,e"'«,e'^S...,e'^") ^ e'^-^^ above 1. If we represent HP{m-\0),C) as 
/\''(d0,dr) (where (•) denotes the C- vector space generated by •). then the map 
iJP(t37~^ (0), C) HP{Z^,C) is represented by the quotient map 

A (d^', dr) ^ A (d^', dr) /(E. d^D A a' (d^', dr). 

Let us now denote by fl' (log D) , flj^ the germs at the origin of the corre- 
sponding complexes. Then {n'{logD),d) is quasi-isomorphic to the complex 
{/\'{dx'/x',dy/y),0) and the identification HP {Q' {log D) , d) ~ HP{vj~^{0),C) is 
by the isomorphism dx' / x' 1— >■ id^', dy/y M- idr. We can now conclude thanks to 
the following lemma: 

Lemma C.IO. For each p we have 

HP {n- {log D)/nid) = K{dx'/x\dy/y)/{j:^dxyx'^AA^-\dx'/x',dy/y). 

Proof. For uj G r2^'(log£') such that doj G ^^^^1 let us write w as a power series 
J2a b^o;bx'"'y^ with U0a,b G {dx' / x' , dy/y). According to (|1.3.ip . we can restrict 
the sum to a ^ (1, . . . , 1). Then the condition duj G ^^^^ reads 

d{x"'y^) d{ll,x'i) ^P-'/dx' dy 

A UJa,b e 



^layb 



Since d{x'°'y^) / x'°'y^ and 'Y^idx^/x'^ are C-linearly independent in {dx' / x' , dy / y) 
whenever {a,b) ^ (0,0) and a ^ (1,...,1), we also have uJa.b & (Eida:-/a;-) A 
/\P~^ {dx' / x' , dy/y). As a consequence, oj — cjq.o belongs to the image of d. Since 

A(^,^)ndr^-^(iogi^) = o 



X' y 



we obtain the desired identification of HP {n' {log D)/ ill, d) with HP{Z°,C). □ 
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Step three: end of the proof. We now go back to the notation of the beginning 
of the proof. The group G acts on (log e-D) in the following way. Let 

7 : eX' -> eX' be induced by u n> (^m for some C, with = 1 and let 7 be 
the corresponding lifting on ^X'. Then, for a local section ip of e^,£/~ {\ogeD), 

the correspondence ip t-^ (p o j induces an isomorphism 7* : £*j2/~ (log gD) — > 
e*7*^~(loge-D). Since eoj = e, we get an action of G on e*^— (log ef) which 
satisfies (£H.^~(loge£'))*^ = .e^, (log!?). This action induces an action of G on 
wx' i^og eD) — e^ifVj x',*''2^'Vr (log ei*), and this action is compatible with 
the action of G on e^^' x'{\c)g eD) through the natural morphism considered in the 
previous step. 

The diagram (|C.9p of the previous step gives rise to a commutative diagram 

e,n\x, (log eD) > e,{^l[x, (log eD)l^l'J 

I I 
e^m^X' .,*-s^~,{^og eD) > £*n7^x',*'C/*zo (log e£)) 

Since e^si^'^oilogeD) = £^^o{\ogD), the right vertical morphism gives an isomor- 
phism 

{Q'x,{\ogD)/Q'g) n7x',*^2o(log£>) ~ Rmx',*Czo- 

On the other hand, restricting the left vertical isomorphism to G-invariants induces 
an isomorphism 

f2x'(log-D) ^ zux',*.s/~{^ogD) ~ Rmx',*Cj^, 
We thus have completed the diagram (jC.3j) . □ 



Appendix D. Proof of the degeneration at Ei of (|1.3.2 *p . 

AFTER M. KONTSEVICH 

Under a restricted condition, we proceed the Deligne-IUusie approach as in 
|EV92| for the Kontsevich complex ($7^ d) by listing the necessary modification. 
We shall follow closely the notations therein. 

Let K be a perfect field of characteristic p > 0. Fix /:[/—> over k and a 
compactification f : X ^ such that D :— X \ U is a, normal crossing divisor 
and the pole divisor P of / on X has multiplicity one (i.e., P = Prcd)- We consider 
the sheaves ftj C 51* (log D) on X defined as before. 

D.l. The Cartier isomorphism. Consider the commutative diagram with Carte- 
sian square 

X — X' > X 




Spec K > Spec k 
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defining the relative Frobenius F. Here the lower arrow is the absolute Frobenius. 
We have the Cartier isomorphism 

(D.1.1) ■.®n\,{\ogD') ^^M'-{F^{^-x{\ogD)A)) 

a a 

of i^jf '-algebras. If a; is a local section of ffx, then 

x' 

(D.1.2) C-^ : , 

da; I — > x^ dx. 

Here x' — 1 ® x is, the puUback in ffx' — k (8)^ i^x- 

Lemma D.1.3. The inclusion (ri^^,d) — )■ (r2^(log Z?), d) induces an inclusion 

JT" (F, (n'xjA)) -^^"^ {F. {n'x (log D),d)). 
Proof. We need to show that 

(D.1.4) di7^(iogi:») n n^+j = do^ 

Let Z be the singular locus of the divisor D and j : X \ Z ^ X the inclusion. 
Since f^^j is locally free and Z is of codimension at least two, we have j*j*(ri^^) = 
n'i+J:. Thus one only needs to prove (jD.1.4|) on X \ Z and hence we may assume 
that D is smooth. 

Let {xi}2^i be local coordinates and assume that / = x^^ . Any element ui G 
riJ^(logZ?) can be written as 

u! = a + p 

Xi 

with a £ S ^x- To see the divisibility of /3 by xi, we may pass to the 

completion along xi and write 

f3 — J + xiS 

where 7 is not divisible by xi . Now if doj e fl'i^j , then (dxi /xi) Ad;3 e (log Z?) . 
The latter implies that d7 — 0. We obtain dcj = drj with = ^^a+xiS G fi^f y. □ 

Proposition D.1.5. The Cartier isomorphism (jP.l.ip sends fl'^, j, to Jff"^(^F^,{ny. j, d)) 
and induces an isomorphism 

c-^ ^^^'^ {F,{nxjA)) 

a a 

of &x' -algebras. 

Proof. Locally we have an explicit lifting 

: n^x'i^ogD') Z-{n\,{logD),d) 

of (jP.l.ip given by the formula (jD.1.2p in the chain level. Here Z°-{n'x{\ogD),d) 
denotes the ^x'-module of cocycles. It is then clear that sends fi^; 

to Z''{n'^j,d). As by Lemma IDT3] the natural map .J^''{F^{n'xj,d)) -5> 
^"(F*(ri3f (log£'),d)) is injective, restricts to a well-defined map fi^, — 
Jif°'(^F^,{n'^ /jd)), so one has the commutative diagram 

(D.1.6) ^x'j'^ >^x'{'^ogD') 

- c-i 

Jf- {F,in'^j,d)) C > {F, [n-^ (log Z?) , d)) 
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Therefore the problem reduces to showing that the left vertical arrow is surjective. 

We regard the involved sheaves as coherent ^^jc/ -modules. The statement is local, 
so we may assume that there exists a Cartesian diagram 



A" — ^ (A")' 

with etale vertical morphisms such that / — tt*{xi ■ ■ ■ xi)~^ for some £ ^ n. Also 
notice that 

17^^^ = ^*r!X„,(,^...,^)„, and n'},{\ogD)=7T*ni4\og{x,.--xe)). 

Thus to prove the statement, we may assume X — A" and work with global sections 
of the sheaves. Moreover by the Kiinneth formula for the complex (fi^, d) and the 
classical Cartier isomorphism for (r2*(logZ3), d), we only need to consider the case 
where £ = n, i.e., / — [xi ■ ■ ■ Xn)^^ and D = {xi ■ ■ ■ a;„). 

The sheaf .^''{F^{VL\j,d)) is equal to the image of Z°'{fl'^ j:,d) into the sheaf 
in the lower right of the diagram (|D.1.6|) . Via the isomorphism in the right side 
of (|D.1.6|) . the i^?'x'-module ^, d)) corresponds to the intersection of 

K[a;^]-modules 

L / L a;i Xn } J I Xi Xn } } I Xi Xn 

where the left and right modules correspond to ^ and fi^, (log 13'), respectively. 
Since the pole orders of / are equal to one, the intersection equals 

dl^.^fdx^ dxn\ J_A ^ 

/ [X, Xn i' P'^X X, Xn 

and this completes the proof. □ 

D.2. The lifting and the splitting. Let W2 be the ring of Witt vectors of length 
two of K. We now make the assumption that {U C X, /) has a lifting {U C X, /) 
to W2- Again X', f, . . . will denote the base-change oi X, f, . . . under the absolute 
Frobenius W2 ^ W2- 

Proposition D.2.1. Locally in the Zariski topology there is a lifting F : X ^ X' 
of the relative Frobenius F such that 

F*e^,(-D') = &^{~pD) and F*{f)^fP. 

Proof. This is shown in the proof of |EV92I Prop. 9. 7]. Indeed locally there is an 
etale morphism 

^■.X — > A" = SpecT4^2[?i, ■ ■ ■ Jn] 
with Xi :— ■n*ti such that 

/ = - — ^— ^ and 5 = (xi • • • x„i) 

Xi- ■ -Xi 

for some £ ^ m ^ n. The morphism F : X ^ X' defined by F*{x'i) = then has 
the desired property. □ 
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Theorem D.2.2. Fix a positive integer i with i < p. The lifting {U C X, /) defines 
a splitting 

{F,{n'xj,d)) [-a]^T^^ {F,{n'x f,A)) 

a=0 

of the i-th truncation of F^{U,'^ ^^d) in the derived category of £^x' -"modules. 

By the standard thickening and base change arguments (cf. |EV92I Cor. 10. 23]), 
we obtain the following. 

Corollary D.2.3. Let U be a smooth quasi-projective variety defined over a field 
of characteristic zero and f G 0'ij{U). Suppose that U has a compactification X 
such that X \ U is a normal crossing divisor and f extends / : X — > with 
only simple poles on X . Then the spectral sequence 

Ef' = m{x,np) =>HP+'' {X, {n},d)) 

degenerates at Ei . 

In the rest, we prove the above theorem by showing that with the choice of local 
liftings of the Frobenius given by Proposition ID . 2 . 11 the splitting 

(D.2.4) M"^{F^{n'x{\ogD),d))[-a] ^ T^,{F-,{^l\{\ogD),A)) 

constructed in |EV92I §10] actually induces the desired splitting. 

We thus fix a collection {Xa^Fa} where {X^} is a covering of X and F^ : 
Xa — >■ X'^ is a lifting of the relative Frobenius such that 

F*(f') = fP on each with X„ n P ^ 

(D.2.5) .1 

F*ff^^ i-D'J = ffj^^ {~pDa) on each X^ with 0^:^X^(10^ 0. 

Attached to the covering {Xq}, let 

Z'^i C ^i{T^,F,{nx{\ogD),d)), Z'-g] C '€i{T^,F,{9.\j,d)) 

be the corresponding sheaves of Cech cocycles contained in the sheaves of Cech 
cochains at degree j. We trivially have Z^^' = Z"^-? n "^-J (r^^i^* (^3^.^, d)) . Let 
be the symmetric group of j letters. For j < p consider the i^jj^'-linear map 



■.ni^,{iogD') ^ {n\,{\ogD')f' 



cji A • • ■ A cjj I — ¥ ^ ^ sign(CT) • aJo-(i) ® • • • ® Wo-q). 
One defines a map {(p, (recalled below) sitting in the factorization of 



{n\,[\og D')f' ^^^^ > z^i^ 



natural quotient 



n'^, (log D') — ^ — > (F, (n-^ (log D),d)). 

The splitting (|D.2.4|) is then given by the collection := {(</«, V)®-' o o C}]^„. We 
now show that (0, ■0)®"' o sends fi;^, y, to Z'^j and thus 9 induces the desired 
spHtting for r^^F, (f2^ /' d) . 
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The map (0, -0)'*° is just the puUback F*; while (0, ■tp)'^'^ is given by the pair 

defined as follows. Take a system of local coordinates {xi, . . . ,Xn} on X such that 
(D.2.6) / = ^ ^ ^ and D ^ (xi ■ ■ ■ i„0 

Xi- ■ -Xi 

for some £ ^ m ^ n, and write i^^(5;j) = x^+pwaj- for some Va.j G • The second 
equation in (jD.2.5|) says that there exists a unit v on Xa such that F* ( Hjli ^'j) — 
V YVjLi 4' which implies that 

(w - 1) n 4 =p2^«oj n xf. 

3 = 1 j^-^ l^i^m 

Reducing mod p and computing in the domain implies that v = I + pv' for 
some v' € Gx^ ■ Thus the above identity reduces to 

n 4 = 2^ "a J- n 

on (cf., [EV92i §8.7]). Since X^ is smooth and the Xi forms local coordinates, 
one concludes that a;^ divides Va,j for 1 ^ j ^ m. We obtain that, for all a, 

~, fH(l +puaj) for 1 j ^ m 

[x^ + pWaj lor m < J ^ 71 
for some u^j- G . Then the pair {(paPii^a) is defined by 
/dx^x /dx^N dx 

for l^j^m<k^n, and it lands in Z'i'^ . 

On the other hand, conditions (jD.2.5p and ()D.2.6p imply that for all a, 

r 
3 = 1 

With this equation and the explicit description of the generators, a direct compu- 
tation reveals that (0,?/;)'^^ indeed sends il^, y, to Z'l^j. 

In general, is constructed as a product of using the product 

structure on 0^ (see |EV92I p.ll6]). In particular, (0,-0)®^ is a sum of 

certain j-term products of (pais and ipa, which send fl]^, ^, to F^:^\ ^ and i^^fi^ ^, 
respectively. On the other hand, notice that 6^ sends Q?-^, ^, to the subspace 

3 



{wi eg) • • • ^ I e Q}^, f, } c (r?^, (log D')) 



Since for any fc the exterior product (ri^(log£'))®'^ ^l\{\ogD) sends both ^ ■ 
{n\{\ogD))'^^ and Vt\j®{n]^{\ogD))®^'^ to one obtains that (0, tA)®^ o'(5J 

maps 17^, to Z'^j , which completes the proof. □ 
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D.3. The case dimX = p. 

Theorem D.3.1. If dim X =p, the splitting of Theorem ID. 2. 21 extends to i—p. 

Proof. Let n ~ dimX. We set D = P + H, where H is the horizontal divisor of /. 
Recall that P is assumed to be reduced. The wedge product of forms 

followed by the projection to the cohomology sheaf and then the Cartier operator 

induces a perfect duality (see proof of |EV92I Lemma 9.20], which adapts word by 
word to the sheaves here). 

For ^ J < p we constructed ^j^-linear maps 

which dualize to 

T^n-3F,n'xj[-H)[n - j] ^'{n\-'j,{-H')) 

and induce a qnasi-isomorphisni 

■n 

(D.3.2) T-^,,^p+^F,Q.xj{^H) ^ ^'{^x',r{-H'))[-i] 

i—7i—p+l 

(see |EV92I p. 119]). We now use n — pto conclude that the kernel of the ^jf-linear 
surjective map 

(D.3.3) F.n'xji^H) T^iF.n'xji-H) 

is the single i^x'-coherent cohomology sheaf J^'^ concentrated in degree 0. Thus, 
by cohomological dimension of coherent sheaves, ()D.3.3|) induces a surjection 

HP{X',F,n\,ji-H) J^) HP{X',T^iF,nxji-H) Ji) 

for any coherent sheaf on X' . Therefore by ()D.3.2p a surjection 

HPiX',F,n'xji-H)®ff^, ^) ^ H°{X' ,flP^,{\ogP) J^). 

Taking for ^ the i^x ' -dual of the last cohomology sheaf ^ of il^ ( — _ff ) yields 
the Cartier operator C as a non- vanishing global section of O^, (logP)(g)^^, (^^')^. 
Any hfting C G H^iX' , F^n'xj{-H) ®ff^, (Jf p)^) of C defines then a spHtting of 
the natural i^ji^'-linear surjection F^:Q.'^ j(— i?) — > ,yifP[~p\. □ 
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Appendix E. On the Kontsevich-de Rham complexes and Beilinson's 
maximal extensions, by morihiko saitc0 

We will use the same notation as in the main part of the article. 

Let / : X — > 5 be a proper morphism of smooth complex algebraic varieties 
with 5 = P^. Let U he a, Zariski open subset of X such that D X \ U is a. 
divisor with simple normal crossings which contains P := Xoo- Here Xg '■= f~^{s) 
for s £ S. M. Kontsevich defined a subcomplex (fij, d) of the logarithmic de Rham 
complex {n\^{log D),d) by 

ker(d/A : n'^ilogD) n'+\*P)/n'+'(\ogD)), 

where / is identified with a meromorphic function on X . (In this paper, we denote 
by rJ^(logZ3) the analytic sheaf on the associated analytic space. The reader can 
also use the algebraic sheaf in the main theorems by GAGA.) Kontsevich considered 
more generally the differentials ud + v d/A for u, w S C, although we consider only 
the case u = in this Appendix [E] This is the reason for which we call (il j , d) the 
Kontsevich-de Rham complex (instead of the Kontsevich complex) . Note that 
coincides with n'^{logD) on the complement of P, and we have d/ = —dg/g^ by 
setting g := f*t' = 1/f, which is holomorphic on a neighborhood of P, where 
t' := 1/t with t the affine coordinate of C C P^. 

Kontsevich showed that the filtered complex RT{X, (fiy, F)) is strict by using a 
method of Deligne-IUusie [DISZi case P is reduced (with tj = 0) , where the Hodge 
filtration PP is defined by a^p as in |Del71| . In this Appendix |E] we prove this 
assertion without assuming P reduced by using the theory of relative logarithmic 
de Rham complexes in |Ste76] . |Ste77| . |SZ85| . (This is quite different from the 
method in the main part of this paper.) 

Set 

^x/si^ogD) := n'^^g{logD)/gn'x/g{logD)\p, 

where f2^yg(log D) is the relative logarithmic de Rham complex, see |Ste76| , |SZ85| . 
Let j : U ^ X he the canonical inclusion. We have the following. 

Theorem E.l. There is a short exact sequence of filtered complexes 

(E.l) o^(n},F)^ {n-^ihg D),F) ^ {n^/si^ogD),F) 0, 

where the filtration F^ is defined by a^p as above. Moreover, there is a decreasing 
filtration V on fl^^^g^log D) indexed discretely by Q H [0,1] such that the Hodge 
filtration of the mixed Hodge complex calculating the nearby cycle sheaf ipgRj^tJu 
is given by 

gT'^{Tl'^/si^ogD),F), 

where giy flx/si^og D) corresponds to ipg,\Rj*Qu with A := cxp(— 27ria). 

Here '4'g,\ denotes the A-eigenspace of the monodromy on the nearby cycle func- 
tor tpg, see |Del73| . A variant of the second assertion of Theorem IE. II is noted in 



**'This work is partially supported by Kakenhi 24540039. 



APPENDIX[E] ON THE KONTSEVICH-DE RHAM COMPLEXES 



45 



|Sai83l Prop. 2.1]. The proof uses as in loc. cit. the normahzation of the unipo- 
tent base change together with the theory of logarithmic forms on ^-manifolds in 
|Ste77| . and the relation between the F-filtration and the multiplier ideals is not 
used here. 

Theorem E.2. After taking the cohomology over X or P, the filtration V in Theo- 
rem \E.l\ svlits by the action oft'dt' on the relative logarithmic de Rham cohomology 
groups forgetting the filtration F , and the image of the morphism pj between the j-th 
cohomology groups induced by p is contained in the unipotent monodromy part so 
that Pj is identified with the natural morphism H^(U,C) — > (/[/)* C(7 where 

fu'-U^Sis the restriction of f to U . 

This implies the following. 

Corollary E.l. The Hodge filtration F on RT{X, (fi},F)) is strict. 

We denote by Q;i.;7[n] the pure Hodge module of weight n whose underlying per- 
verse sheaf is Qf/M, where n :— dimX. Let Sg(j^Q;i^j/[n]) be Beilinson's maximal 
extension |Bei87| . This is defined as a mixed Hodge module by £,g{i*'Q_h.uVA) in the 
notation of |Sai90| so that we have a short exact sequence of mixed Hodge modules 

(E.2) ~^ i!g,imh,u[T^' - 1] ^ ^gii'MKuH) i*%i,uH 0, 

where j' : U ^ X\P is the canonical inclusion. (In this paper, ipg for mixed Hodge 
modules is compatible with the one for the underlying perverse sheaves without any 
shift of complex; hence preserves perverse sheaves and also mixed Hodge 

modules.) 

Theorem E.3. Assume P reduced so that 4'g.ij*Qh.u — il'gj*Qh.u : OLi^d V in 
Theorem IE. II is trivial. By the filtered de Rham functor DRjc , the short exact 
sequence (jE.2p corresponds to the associated distinguished triangle of the short exact 
sequence (jE.lj) up to a shift of triangles. More precisely, 

ipg,ij*'^h,u[n-l], 'B.g{j'^<^h,u[n])^ j*Q/i,c/N 
in (|E.2|) respectively correspond to 

Tl^,s{\ogD)[n-\], {n),F)[nl {^'^ {log D), F)[nl 
so that the extension class of the short exact sequence ()E.2|) corresponds to p in 

(Ell. 

We have the inverse functor DR^^ which associates a complex of filtered 
module to a filtered differential complex (see [Sa2]). By this functor, the surjective 
morphism p between the filtered differential complexes in (jE.lj) corresponds to 
an extension class between the corresponding filtered ^-modules or mixed Hodge 
modules in (jE.2j) so that the kernel of p corresponds to an extension of filtered 
^-modules or mixed Hodge modules (because of the difference in t-structures) . 

We thank C. Sabbah for useful discussions about the Kontsevich-de Rham com- 
plexes. 

In Section lE.il we review some basics of the combinatorial description of perverse 
sheaves with normal crossing singularities. In Section lE. 2 1 we recall some basic facts 
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from the theory of relative logarithmic de Rham complexes. In Section lE. 3 1 we give 
the proofs of the main theorems and their corollary. 

E.l. Perverse sheaves with normal crossing singularities. In this section we 
review some basics of the combinatorial description of perverse sheaves with normal 
crossing singularities. 

E.1.1. Combinatorial description. Let X — A". It has a stratification defined by 
the intersections of {xi = 0} where the Xi are the coordinates of X . Let PeTv{Cx)nc 
be the category of perverse sheaves with C-coefhcients on X whose restrictions to 
any open strata of the above stratification are local systems, see |BBD82| . This 
category can be described combinatorially as follows: Set [1, n] := {1, . . . , n}, and 

SuppA:={z|A, 7^1}c[l,n] for A = (Ai, . . . , A„) £ (C*)", 
A(n) := {(A,/) I A e (C*)", / C with SuppAn/ = 0}. 

Let P{n) denote the category whose object consists of C-vector spaces Exj for 
(A, /) G A{n) such that 

dime Ex. I < CO, 

and moreover they are endowed with morphisms 

cauj : Ex J — > Exju{i}, Var^ : Exju{i} — > Exj for any i ^ Supp A U /, 
and nilpotent morphisms 

Ni : Exj — > Exj for any i e [1, n], (A, /)eA(n). 
These satisfy the relations 

Var^ o can.; ^ Ni if i ^ Supp A U /, 
can^ o Var.; — Ni ii i G I, 

and also 

where A, B can be any of can, Var, and N , and we assume i ^ Supp AU / if A = can, 
and i G / if j4 = Var (and similarly for Bj). 

It is well-known that there is an equivalence of categories 

(E.l. 1.1) : Perv(Cx)„c ^ F(n), 

associating to ^ G Perv(Cx)nc 

(E.l. 1.2) Ex,i = *..„.A„ o • . • o -^^^^x, (=^)[-n], 

where 

{i^x- \- mil, 
Vx,,l if « G /. 

This can be shown by using a simultaneous splitting of the y-filtrations of Kashi- 
wara |Kas83| and Malgrange |Mal83| along {xi = 0} on the corresponding regular 
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holonomic ^x,o-module 

M = ©,6C"^-^-' defined by 

(E.1.1.3) 

n ker(x^a/92;, - cM (fc > 0). 

4=1 

Here cani, Var^, and Ni respectively correspond to d/dxi, ~Xi, and —Xid/dxi + 
with Ai — exp{~27Tia), see also |GGM85| . 
For J C [1, n] \ (Supp A U /), set 

canj := J] can^ : Exj — > Exjyjj, 

(E. 1.1.4) 

Varj := [l Var, : Exj^j Exj. 

E.1.2. Open direct images. For J C [IjJt.], set 

Uj :— Pi {xi 7^ 0} with the inclusion jjjj : Uj ' — > X. 

The functors {ju j)\{ju j)* S'lid R{jijj)*{juj)* can be described combinatorially as 
follows: 

For ^ G Perv(Cx)„c, set {Exj} = *"(^), and 

{,Exj} - {*£;a,/} - ^'\R{ju.,)*^\u.,)- 

It is well-known that, for any (A,/) G A(n), there are canonical isomorphisms 

\Exj ^ \Exj^j > Exj-^j, 

(E.1.2.1) „ ^ 

Exj-^j > *Exj-^j ^ *Ex,i, 

where I' := I n J, and t', t" are induced by the natural morphisms 

Uu.,h^\u, ^ ^ ^ Riju,).:^\uj- 
Moreover, under the isomorphisms in (jE.1.2.1|) . the morphisms 
cauj, Vaij, Ni for {\Exj} (resp. {^Exj}) 
are identified respectively with 

Id, Ni, Ni (resp. Ni, Id, Ni) if i e J, and can^, Var^, Ni if i ^ J. 

E.1.3. Examples. Assume J — [l,n]. Then j\Cu[n\ corresponds to {\Exj} defined 

by 



(E.l.3.1) lEx, 



fC if A-(l,...,l), 
\o if A^(l,...,l), 

and 

(E.1.3.2) can, = Id, Var, =0, A^, = for any i G [1, n]. 

As for RjfCij[n\, it corresponds to {„Exj} defined also by the right-hand side 
of (jE.1.3.ip . but with different relations 

(E.1.3.3) can, = 0, Var, = Id, A^, for any i G [l,n]. 
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Set now 

^' = kerOiCaN J?j*Cc/[n]). 
This corresponds to \E'^j} defined by 



(E.1.3.4) E'y^j 



C if A = (l,...,l) and/y^ 
if A ^ (1,...,1) or / = 



where 

(E. 1.3.5) cani are injective, Var^ = 0, Ni — for any i G 

Note that these conditions impHes 

(E.1.3.6) cani : E} ^ E]^{ .} if « ^ / 0. 

E.1.4. Nearby cycle sheaves. Let 

n 

g = x" ■= l\ x'^' with e = (ei,...,e„) G N". 

i=l 

The nearby cycle sheaf tpg^x^.^ for ,^ G Perv(C;is:)nc can be described as follows: 
Set 

Suppe := {i e I e; 7^ 0}, /(.g) / n Siipp e, I^ig) := I \ Supp e. 
Let {Exj} ^'"(^) with can^ , Var; , TV; as in ()E.l.ip . Set 

(N, - e,N)i J] {N, - e,N). 

It is known (see e.g. |Sai90l Th. 3.3]) that {x^Exj} := 'i>'^(tpg,Xg^) can be expressed 
as 

(E.1.4.1) XoExj - coker((iV, - e,iV),(<,) : Ex^^xjhA^] ^ ^AgAj=(<,) [iV]) , 

where AgA := (Aq^ Ai, . . . , Ag^ A„), and we have 

(E.L4.2) i?AgA,/c(g) = if Supp AgA nr (5)^0. 

Moreover, cani,Va,ii, Ni associated with {xqExj} are defined by the morphisms of 
the mapping cones as follows: 

. [ (Id, N, - e,N) if i ^ Supp A U / and i e Supp e, 

cani — < 

I (cani,canj) if z ^ SuppAU/ and i ^ Suppe, 

(E.1.4.3) i{Ni- eiN,Id) if i e I and i e Suppe, 

Varj — < 

I (Varj, Var^) if i G / and i ^ Suppe, 

N^ = {N,~e,N,N,-e,N). 

(As for a formula for the vanishing cycle functor fg^Xoi see loc. cit.) 
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E.1.5. Example. Assume = Cxi'T-], Suppe = so that /(g) = /, I'^{g) = 

Then 



C ifA=l,/ = 0, 
otherwise, 
and N,^0 for any i. So (|E.1.4.1|) - (|E.1.4.2p impHes 

(C[N]/N\'\C[N] if A, = Ao ^' (Vi), AJj' = 1 (Vz e /), 
I otherwise. 



(E.1.5.1) Exj = 



(E.1.5.2) x„Exj = 



Moreover, can; and Var; are respectively induced by the multiplication by N and 
the quotient morphism. 

E.2. Relative logarithmic de Rham complexes. In this section we recall some 
basic facts from the theory of relative logarithmic de Rham complexes. 

E.2.1. Kontsevich-de Rham complexes. With the notation of the introduction, set 
Q'^{D) := n],i\ogD), Tf^{D) := n'^{D) / gn=^{D)\p. 

The Kontsevich-de Rham complex is defined by 

^] ker(d5/g2A : n'^{D) n^+' {D){*P) /Q^^' (D)) 

= ker(dg/.9A : ^'^{0} Tf^\D)). 

As for the morphism in the last term, we have 
(E.2.1. 1) 

Im {Ag/gh : VL^xW — > Tl^x^ {D)) ^ coker (d.g/.g A : Tl^^ {D) — > Tlx{D)). 

Indeed, {^'^{D) ^dg / gA)\p is acyclic, and so is {nx{D),dg/g A). 

Let ^fx/siD) denote the right-hand side of the isomorphism (jE.2.1.ip . Then 

(E.2.1.2) Tl^/siD) - n^x/s(D)/g^^^s(D)\p^ 

where n^^g{D) := cokeT{dg/gA : n^^{D) -> n\^{D)) as in [Ste76] . [SZ85] . In- 
deed, (jE.2.1.2|) follows from the diagram of the snake lemma by applying it to the 

action of dg/gA on the short exact sequences 

n^{D)\p Q^x{D)\p^n^{D) ^ 0. 
So we get the short exact sequence of complexes ()E.1|) by (jE.2.1.1[) - (jE.2.1.2p . 

E.2.2. Unipotent base change. Let Pi be the irreducible components of P with Ci 
the multiplicity of P along Pi. Set e := LCM{ei}. Let A be a sufficiently small 
open disk around cx) £ P^. Let vr : A — J> A be the e-fold ramified covering such 
that 7r*i' — f . where t' = \/t with t the affine coordinate of C C P^, and t is an 
appropriate coordinate of A. Let X be the normalization of the base change X x 5 A, 
with _D C A" the pull-back of £> C A by the natural morphism tt^ ; A ^ A. Set 

These are the logarithmic de Rham complex and the relative logarithmic de Rham 
complex defined in |Ste77| . Let A' C X be the inverse image of A C P^ , and G be 
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the covering transformation group of nx' : X ^ X' which is isomorphic to Z/eZ. 
Then 

This can be shown by taking a local coordinate system {xi, . . . , x„) of a unit poly- 
disk A" in X' such that g is locally written as 

e 

c n x"/ with c e C*, e, ^ 1, £ e 

and then taking a finite ramified covering A" — > A" such that the pull-back of xj 
is x'^j^'^' if J ^ £, and otherwise. 

E.2.3. Koszul complexes. Assume g — J^"^^ with local coordinates xi, . . . , a;„, 
where ^ 1 for any i. The logarithmic de Rham complex (£73^ (-D), d)o at £ X 
is isomorphic to the Koszul complex associated with Xid/dxi {i e [1,7^-]) acting on 
Cjxi, . . . , Xn\. This is quasi-isomorphic to the subcomplex associated with the zero 
actions on C C C{a;i, . . . 

Setting 5i := dxi/xi, this Koszul complex has a basis defined by 5j :— Aigj ^'^^ 
J C The relative logarithmic de Rham complex {n'^^g{D),d) is a quotient 

complex defined by the relation (see [Ste76j) 

eiSi = 0. 

i 

This is quasi-isomorphic to a subcomplex associated to the zero actions on the 
subspace 

C{z} = { Cvx" I c,, = if eiVj ^ ejVi for some C C{a;i, . . . , a;„}, 
where 2: = IliLi ^^i'^^ with d := GCD{ei}, see loc. cit. 

E.2.4. External products. Let Di be a divisor with simple normal crossings on a 
complex manifold X, {i = 1, 2). Set X := x X2, D := £>! x UXi x D2. Then 

(E.2.4.1) r!^(logi?) = 17^^(logi?i)H173,^(logi?2). 

Let gi be a (possible non-reduced) defining equation of Di. Let g be the pull- 
back of gi by the projection. These can be viewed as morphisms to S' = C. So we 
have the relative logarithmic de Rham complexes 51^^^g(log_Di), n'^^g{\ogD), and 

(E.2.4.2) n'x^sihgD) = n'^^/si^ogD,) H 17^^ (logics). 

These can be shown by using a basis as in (jE.2.3|) . 

E.3. Proof of the main theorems. In this section we give the proofs of the main 
theorems and their corollary. 

E.3.1. Proof of r/ieorem|KTl By (jE.2.1.1|) - (jE.2.1.2p we get the short exact sequence 
of complexes (jE.ljl . which implies the strict compatibility with the filtration = 
(T^p (i.e., we get short exact sequences after taking gr^). So the first assertion 
follows. 

The second assertion follows from (jE.2.2.1|) by using |Ste77| . Here the filtration V 
is induced by the t-adic filtration on {ttx')*^'^^'^{D), see also |Sai83l Prop. 2.1]. 
This finishes the proof of Theorem IE. II 
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E.3.2. Proof of Theorem IE. 21 The first assertion follows from the splitting of the 
V"-filtration as in (jE.l.l.Sp where n — 1. For the last assertion, we have to calculate 
the extension group of perverse sheaves. Let i : P ^ X , j' : U ^ X \ P, 
j" : X \ P ^ X denote the inclusions so that j = j" o j'. We have canonical 
isomorphisms 

Ext^ {RjXu[n], i^gRjXu[n - 1]) 

(E.3.2.1) = Ext\i*RjXu[n], tPgRj^Cu[ri - 1]) 

= Hom {Pj^-^i*{RjXu[n]), ijgRj*Cu[n - 1]) , 

where ^J^f^^ is the perverse cohomology sheaf functor |BBD82| . and we have 

(E.3.2.2) Pji^-'^i*{RjXu[n]) = kerif/ RjXuM ~> RjXu[n]). 

There is a natural element in the first term of (|E.3.2.1j ) defined by 
(E.3.2.3) 

Rj*Cu — > i*Rj,:Cu = C{N : ipg^iRj^.Cu — > ■0ff,i-Rj*C;7)[-l] — > ^Jg,iRj*'Cu- 

After taking the global section functor, this coincides with the restriction morphism 
under the inclusion of a nearby fiber Us into U where s is sufficiently near oo. We 
have to show that this coincides with the element defined by p by calculating the 
extension group. 

Let D' be the closure of L» \ P, and set P' := P \ D' with jp, : P' ^ P the 
inclusion. Then the calculation in (jE.1.4|) implies 

(E.3.2.4) ibgRjXuin - 1] = RUp>),i^gRj,Cu[n ~ l])\p,. 

Since {jp')* is the left adjoint functor of R{jpi)^,, the last term of (|E.3.2.ip is 
isomorphic to 

(E.3.2.5) Iloin{P.y^/^-h*{RjXu[n])\p', ^pgRj,Cu[n - l]\p') ■ 

Combining these with ()E.1.3.6|) . the calculation of the extension group is then 
reduced to the one on sufficiently general points of the divisor P. Then the assertion 
is well-known in the theory of Milnor fibrations and relative logarithmic de Rham 
complexes, see |Ste76 ^ and (|E.2.3|) above. This finishes the proof of Theorem IE. 2 1 

E.3.3. Proof of CoroUaryMH By |Ste76| . |Ste77| . [SZ85] . we have the filtered rel- 
ative logarithmic de Rham cohomology sheaves 

:^'f4^xfsi^ogD),F), 

which are locally free sheaves forgetting F. Moreover the graded quotients gr^ of 
the Hodge filtration F commute with the cohomological direct images Jf^ (i.e., 
F is strict), and give also locally free sheaves. (Indeed, these can be reduced to 
the unipotent monodromy case by using a unipotent base change together with 
logarithmic forms on ^-manifolds as in |Ste77| .) These imply the strictness of the 
Hodge filtration F on 

RriP,in'^/si^ogD),F)), 

by using the short exact sequence of filtered complexes 

(r!;,/s(logi?),F) ^ {n'^^s{\ogD),F) {Tl'^^si^ogD),F) 0. 
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Moreover, we have the strictness of 

Rr{P,gr°y{%/si^ogD),F)), 

and {P,giy{^l-^^g{logD), F)) gives the Hodge filtration on the unipotent mon- 
odromy part of the limit mixed Hodge structure of the variation of mixed Hodge 
structure 

Jif'M^x/si^ogD),F)\s', 

where S' is the Zariski-open subset of 5* over which f,,Cu is a local system. 
Hence the induced morphism pj in Theorem IE. 2 1 is strictly compatible with F. 

Corollary |KT] then follows from the assertion that the filtration on a mapping 
cone of filtered complexes C{{K, F) — )■ {K' , F)) is strict if {K, F), {K' , F) 'Are strict 
and the morphisms H''{K,F) — > H''{K',F) are strict. (This is a special case of 
a result of Deligne for bifiltered complexes |Del71| , since the mapping cone has a 
filtration G such that gr^, = K, gr^, = K' and the associated spectral sequence 
degenerates at £2-) This finishes the proof of Corollarv lE.il 

E.3.4. Proof of TheoremMM The isomorphisms in ()E.3.2.1|) - (|E.3.2.4|) can be ex- 
tended naturally to the case of their corresponding mixed Hodge modules and also 
their underlying filtered i^-modules. By |Sai88l Prop. 2.2.10], there is an equiva- 
lence of categories 

(E.3.4.1) DR"^ : D''F{ffx,'DiS) ^ D''F{^x), 

where the left-hand side is the bounded derived category of filtered differential 
complexes in the sense of loc. cit., and the right-hand side is that of filtered 
modules. So we may consider the extension class defined by DR^^ p in D^F{!^x)- 
Here DR~^ is defined by using also the transformation between left and right Si- 
modules so that we get isomorphisms 

DR-i(r!^(iogi?),F)N = 

E.3.4.2 

Y)R-\nx/s{^ogD),F)[n-l] = ^fj,(^^,F), 

where F on the right-hand side is shifted appropriately (if necessary). These fil- 
tered regular holonomic -modules underlie mixed Hodge modules i*Q?i,(7[n], 
■!/)gj*Q/i_j/[n — 1], where -0® is defined by using the ^-filtration of Kashiwara |Kas83| 
and Malgrange |Mal83| . The first isomorphism of (jE.3.4.2|) is well-known, see e.g. 
the proof of Prop. 3.11 in |Sai88| . The second isomorphism will be shown in (jE.3.5|l 
below. 

By the proof of Theorem IE. 21 the morphism p in (jE.lj) is identified with the 
natural morphism (jE.3.2.3p which naturally underlies a morphism of D^MHM{X) 
(using the functor ^g), see |Sai90l Prop. 2.22 and Cor. 2.23]. So, assuming the second 
isomorphism of ()E.3.4.2|) . Theorem IE . 3 1 follows from the construction of there. 

E.3.5. Proof of the second isomorphism of (jE.3.4.2p . By (jE.2.4p and the compati- 
bility of DR^^ with external products, the assertion is reduced to the case 



P = D. 
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Then, using Steenbrink's construction of the cohomological mixed Hodge complex 
in |Ste76] . the left-hand side is a filtered ^-module underling an object of MHW(X), 
where the latter category is obtained by extensions of pure Hodge modules without 
assuming any condition on the extensions, see |Sai88l Prop. 5.1.14], . Moreover, 
we have canonical isomorphisms after taking the graded pure pieces gr^ by Steen- 
brink's construction, and each graded pure piece is a filtered holonomic i^-module 
of the type in |Sai88l Prop. 3.5]. So it is enough to construct a morphism from 
the left-hand side to the right-hand side in D^F{&x) which is an isomorphism 
forgetting F. 

Indeed, we have the functor ^t" for filtered regular holonomic i^-modules of nor- 
mal crossing type (M, F) which is defined as in ()E.1.1.2|) by using the y-filtrations 
of Kashiwara |Kas83| and Malgrange |Mal83| along Xi = (although the equiva- 
lence of categories does not hold). This functor commutes with gi^ so that 
the assertion is reduced to the case of a morphism between finite-dimensional fil- 
tered vector spaces. (Here we also use a fact that a morphism of filtered regular 
holonomic ^x.o-modules of normal crossing type u : {M, F) (Af, F) is a fil- 
tered isomorphism if so is ^"m, assuming that conditions 3.2.1.2-3 in |Sai88| are 
inductively satisfied along Xi = for {M, F), {M' , F).) 

Let ig : X' ^ X' X A he the graph embedding, where X' — g^^{A) and 
t' = 1/t in the notation of ()E.2.2|) . Then the direct image of {^x'tF) as a filtered 
^X'-module by ig is given by {G'x'[dt'],F) where F is defined by the order of df 
(up to a shift), and it has the ^-filtration of Kashiwara |Kas83| and Malgrange 
|Mal83| indexed by Q so that t'df — a is nilpotent on gry. (Here we use left 
^-modules.) This induces the filtration V on the relative de Rham complex 

DRx'xA/A(^x'[9t']) = {n'x,[^t'ld + ^t^Ag^). 

It has a subcomplex sz/^, defined by 

s^^, := ker(d.gA : 17^, — > 1]^^). 

By a calculation of the V^-filtration in the normal crossing case (see e.g. |Sai90l 
Th. 3.4]), we have 

^x' cV>-'DRx'y,A/A{^x'[dt']), 

and — V'^ since P is reduced. In the reduced case we have moreover an 

isomorphism of complexes 

dgA:n'^,^^(\ogP)^M/x,{l]. 

These induce a canonical morphism of filtered differential complexes 

_ (n;,/^(logP),^^)[n- 1] gi-'vBRx'^^A/Ai^X'idt'lF) 

(E.3.5.1) ^ 

= J^Rx'ii'fi^x'^F)), 

which corresponds to a morphism of filtered holonomic i^x'-modules 

(E.3.5.2) i:)R-\n'x,/A{^ogP),F)[n-l] ^/^{&x-,F) = J*(^c/, ^^). 
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By a local calculation as in (jE.2.3|) using the Milnor cohomology, we see that 
(jE.3.5.1|) is an isomorphism of perverse sheaves, and hence ()E.3.5.2p is an isomor- 
phism of holonomic f^- modules forgetting F. Thus the assertion is proved. This 
completes the proof of Theorem IE. 31 
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